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XXVII. Long-Distance Telephony. By Prof. Purry, 
F.RS., assisted by H. A. Buuston*. 


WHEN resistance, capacity, self-induction, and leakage are 
taken into account, this subject is one of considerable diffi- 
culty. It is given to very few men to be able to discuss 
complicated mathematical formule without making mistakes— 
the proceedings of Scientific Societies possess many such 
mistakes detected and undetected—and consequently I in- 
struct my students to experiment with their formule, using 
numerical values for their variables. The consideration of 
the most general problem of long-distance telephony, involving 
certain terminal conditions, has been taken up by Mr. Heavi- 
side ; but the ordinary mathematical physicist must find great 
difficulty in understanding the investigation (Phil. Mag. 
January 1887). Some of my students have recently obtained 
numerical results, neglecting the terminal conditions, which 
seem to me to be very instructive, and I think that the Tables 
will have a permanent value. 


* Read June 25, 1893. 
VOL. XII. 2a 


414 PROF. PERRY ON LONG-DISTANCE TELEPHONY. 


As a matter of fact, the line is supposed to be of infinite 
length, and we consider the state of a signal as it gets farther 
and farther away from the origin. 

By comparing the current ¢ oi a section « centimetres from 
the origin with the current at #+dz, and properly disposing 
of the differ ence, we arrive at the equation :— 

2 
a= k oe + (kr +a)$ Gree ss eile 
where (per unit length of conductor) k is the capacity, r the 
resistance, / the self-induction, and s the leakage conductivity. 
The solution which suits telephonic conditions is 


c=ae™ sin (pt—ga), 


where 


SEV (tea) Ee) 


gives the value of f if the minus sign is taken, and gives the 
value of gif the plus sign is taken, and c=a sin pt is the 
current at the origin. Of course p=2z/f, where f/ is the 
frequency. Any number of such functions of any frequencies 
may exist simultaneously. 

Two conditions must be satisfiedin telephony. Taking the 
shrillest and gravest notes of the human voice as being of 
frequencies f and /', and taking therefore currents of these 
frequencies :—let X be the distance at which the ratio of the 
amplitudes of the shrill and grave currents is increased by 
1/mth of itself; let Y be the distance at which one of the 
currents has altered in lag behind the other by 1/nth of the 
periodic time of the more rapid one ; then it is easy to see that 


X= 1/tmoi—i) * 
Y=2n / { »»(2-)} : 


* This is approximate. If m is not large, the true expression ought 
to be used, 


X=loge i =) j(a A). 
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The letters with dashes indicate that p! or 27! must be taken 
instead of p. It is easy to see that X and Y become infinite 
a sae! 
if -=-. 

a & 

I do not know what values of m and n would produce 
confusion of sound in the telephone. But as an exercise we 
have taken m=4 and n=6. We have also taken p=6000, 
p' = 600. 

For the first French Atlantic Cable the capacity and 
resistance were 0°43 microfarad and 2°93 ohms per nautical 


mile, so that 
k=2°3215 x 10~” farads per centim. 


7=1:582 x 10~° ohms per centim. 
Mr. Beeston has calculated the distances X and Y, the 
lesser of which may be taken as the limiting distance for good 
telephony for various values of / and s. 


TasLE [.—Limiting distances X in millions of centimetres 
for various amounts of leakage and self-induction. (One 
million centimetres are equivalent to about six miles.) 


Values of 7x 10". 


Values of| 
sx LOM, 
leat uO 26373 | 26373 | 79-118 | 131-863] 184-61 | 263-73 

0 0983 | 1:054 | 1:963 | 5169 | 10178 | 17:500 | 33-839 
rt on Eee .. | 1-961 

‘10 ee lta: « Itt LOS 

1 = ee 1-999 

5 || 1049 | 1180 | 2:187 | 6:339 | 18944 | 41532 | 75°59 
10 1130 | 1:224 | 2356 | 8462] 21:98 | 59:03 | 38282 
20 1319 | 1-444 | 3357 | 18-009 | 128-17 eae 131°65 
40 1-754 | 1:965 | 6250 |/39011 | 67:95 | 18-04 8°75 
70 2527 | 2935 | 17-671 | 39°73 7-727 | 4161 | 2-573 
100 3447 | 4184 | 72:03 | 10:00 0-650 | 2111 | 1617 
150 5314 
200 7536 
250 10-090 


416 PROF, PERRY ON LONG-DISTANCE TELEPHONY. 


Tasie I].—Limiting distances Y in millions of centimetres 
for various amounts of leakage and self-induction. 


| Values of 7x10'°. 
Values of ‘ 
sx 10°. 
0 2°6373 | 26373 | 79-118 |131:863 | 184-61 | 263°73 
0 1459 | 1-484 | 1-778] 2665 | 3719| 4996] 7:239 
01 re o 1:783 
10 ost es 1-800 
1 ay “ 1:893 
5 | 1889] 1927 | 2424| 4142 | 6674 | 10-472] 20:29 
10 | 2496) 2482 | 3297] 6639 | 14130) 28:88 | 11636 
20 3752 | 3874 | 5-796 | 18700 | 82:59 lees 75°12 
40 7-292 | 7-649 | 15152 |56636 | 7655 | 18184] 7-214 
70 ~—*||:«:15:216 | 17-342 | 57-965 | 76304 | 11-493] 5266] 2:815 
100 27-078 | 80-147 | 283-49 | 22-70 0354 | 3267] 1-810 
150 || :5B8:35 
200 106-48 
250 170°36 


1t will be noticed that although X and Y are derived in 
different ways, by taking certain values for m and 7 they 
could be made much the same in value, and altering s or / 
seems to produce the same sort of effects on X and Y. 

Mr. Beeston has drawn curves from the calculated numbers, 
but these need not be published. 

If there is no self-induction, increasing the leakage increases 
the distance to which we can telephone. If there is no 
leakage, increasing the self-induction increases the distance. 

When the amounts of s and / are not too great, increasing 
either increases the distance. These and other important 
facts are visible in the tables. 

Without such tables as these and this method of study it 
would be almost impossible for the average mathematician 
to make anything of his mathematical results. Thus, for 


example, when equation (1) applies to such a function as sin pt 
it is just the same as 


de sr de de 
at = (HE) Gee + (br +l) exer) 
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Hence we see that the effect of leakage is to diminish the 
self-induction by the amount sr/kp?, and to increase the 
resistance by the amount s//k. But it is easy to see that if 
we diminish self-induction or increase resistance we do harm 
in telephony, and yet this kind of diminution through leakage 
does good. On going into the matter carefully, it is seen 
that it is the p being in the denominator of s7/kp? which 
produces the good effect. In fact, if / and s are small, taking 
p=6000, p'=600, we find 


l Ss 

r san ‘ 

So that increasing s or / produces a good effect. Having 
found the mathematical reason we have not far to go to find 
the physical reason. 

It is evident from the tables that if we had no leakage 
we could completely get rid of the evil effects of capacity 
by introducing self-induction. It is also evident that if we 
had no self-induction, we could completely get rid of the evil 
effects of capacity by introducing leakage. But when there 
is some leakage and some self-induction, we can in practice 
only mitigate the evil effect of capacity ; for it is obvious that, 
although certain values of / and s give infinite distances, 
doubling or halving these values produces enormous diminu- 
tion in distance, and such a constant of a cable as s may alter 
very greatly. 

About fifteen years ago, with Prof. Ayrton I made many 
experiments on signalling through bare copper wires lying at 
the bottom of the water in the moat of Yedoin Japan. Here 
k and s were both very great. We had much less success 
than we expected, and we abandoned, perhaps too readily, 
our idea of a very cheap submarine cable. 

The following tables are of general application. Let the 
numbers given in Table III. be divided by the value of Wkr 
for any cable or conductor of a telephonic line, and let them 
also be divided by the value of m which is considered suitable*, 
and they will become the limiting distances X in centimetres 


Xa1/ Vie 1—4246 


: l ae 
for that conductor, for the various values of and 7 given. 


* It is more correct to say that the numbers are to be multiplied by 


loge (1+). 
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TasLe ITT. 
Values of 10° x J/r. 
| Values 
of s/h. 
0 1:667 16:67 50 83°33 116-7 166-7 
0 0:0267 | 0:0286 | 0:0533 | 0:1404 | 0:2765 | 04753 | 09191 
2154 || 0:0285 | 0:0807 | 0:0594 | 01722 | 0:3787 | 1:1281 | 2-053 
GO il) teeta eRe) haa Leet REC CnE e 0 
430°8 || 0:0307 | 00332 | 0:0640 | 02298 | 05970 | 16034 | 8-913 
Soe. Ih caste Epbeeeee ss ae cere er es Meek a 
861°5 || 0:0358 | 0:0392 | 00912 | 04891 | 3:4732 | 2755:0 | 3:576 
T2000 aeeons () eecnecmemlin weiner luecarcte a) 
1723 0:0476 | 0:0534 | 01698 10:596 1:8455 | 0°5145 | 0:2377 
B00.) Heder ct eas eee | @ 
8015 0:0686 | 0:0797 | 0:4799 | 1:0792 | 0:2099 | 0:1180 | 00699 
4308 0-0936 | 0°1123 | 1:9564 | 0:2717 | 00176 | 0:0573 | 0:0439 
PGOOO. HHOe REPRO SE. oe w 
GOOOO A) Niacaee oa) 
TaBLe IV. 
Values of 10° x J/r. 
Values 
of s/k. 
0 1:667 16°67 50 83°33 116-7 | 166°7 
0 00531 | 0:0540 | 0:0646 | 0:0969 | 0-1352 | 0:1813 | 0:2633 
215:4 || 0:0687 | 0:0700 | 0:0881 | 0:1506 | 0:2427 | 0:3808 | 07379 
GOO, i ovzehroasslaa iti) yess Sere! | ee Reeve Wallin meee oem nee ese oo 
430°8 | 0:0882 | 0:0903 | 0:1199 | 0:2414 | 05189 | 1:0502 | 4-231 
BHT» ols sacs Nn Caister lll ances mul lupe receenn | MMR eo) 
861:5 || 0°1864 | 01409 | 0:2108 | 0-6800 | 3:0033 | 111056 | 2-732 
TQOO uy Nig ee cscs IIE ataceeete al ae were cea Ue eee a) 
1723 0:2652 | 0:2781 | 0:4877 | 20°596 | 2°7887 | 0:6613 | 0:2624 
DOOD NS event ie sia decai Ilfubraeane (oo) 
8015 0:5533 | 06306 | 2:1079 | 2°775 | 04179 | 01915 | 0-1024 
4308 0:9847 | 1:0963 | 01031 | 0:826 0:0129 | 01188 | 0:0658 
COCO AES ete | | tee a) 
GOOOO! Tie eeeces oa 
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Let the numbers in Table IV. be divided by the value of 
V kr for any conductor of a telephonic line, and let them also 
be divided by the value of x which is piicidered suitable, and 
they will become the limiting distances Y in aaa for 
that conductor, for the various values of and + 7 given. 

Another way of putting the ated in these tables is 
this :—Let K be the whole capacity of the line in farads, 
R its resistance in ohms, L its whole self-induction in 
secohms, 8 the whole leakage conductivity in mhos: L/R 
and S/K are the same as the //r and s/k of the tables. For 
given values of these find the number in either table ; square 
it and divide by any chosen m? or n?; this gives the product 
of the whole capacity K and the whole resistance R of the 
conductor. 

Of course in all lines which have the same values of L/R 
and §/K, the product KR is constant. I must again draw 
attention to the fact that we have neglected the terminal con- 
ditions. 

I have not hitherto said anything about the amplitude of 
the current ; in fact the receiving apparatus has been sup- 
posed to be infinitely delicate. It is obvious that L/h is the 


TABLE V. 


Values of « x 10°. 


Values 
of s/k. || | 
0 1667 | 16°67 50 83'3 116:7 166°7 
0 | 0127 | -0167 0197 0314 0402 ‘0476 0567 


215°4 0124 0130 0188 0283 0340 ‘0389 0331 
430°8 0122 0128 ‘0177 0257 0295 0315 0329 
861°5 0118 0123 0167 0218 0233 0236 0232 


1723 || 0110 0114 0145 ‘0166 0164 ‘0158 0147 
3015 ‘0099 0102 0121 0124 0115 0106 ‘0096 
4308 ‘0091 0093 | 0105 0100 0090 ‘0081 ‘0072 
6462 ‘0079 
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distance in which the amplitude becomes 1/e™ of its initial 
amount. If the numbers in Table V. be divided by kr for 
any line, they give the distances in which a current of 
frequency 955 per second has its amplitude halved. 

The effect of leakage is in every case to diminish the 
amplitude of the current, making it necessary to have more 
sensitive receiving-instruments or more powerful sending- 
instruments. 

If some of our clever mathematicians would for a while 
put aside the ambition to write original papers and would 
give us in one paper, however long, an exposition of Mr. 
Heaviside’s views on the subject, he would confer great 
benefits upon the average electrician. Mr. Heaviside can 
discover new truths, and we all believe in his results when 
we understand them, but he seems unable to lower his reason- 
ing to our mathematical levels. Since writing this paper I 
have tried to understand Mr. Heaviside’s numerous papers on 
this subject, but I am sorry to say that I am not yet able to 
express a certain opinion as to the practical value, or want of 
value, of the preceding tables. 


ty 


Discussion, 


Mr. Blakesley said that some eight years ago he discussed 
the subject when capacity and resistance were alone con- 
sidered, and now pointed out that when self-induction and 
leakage were introduced, the equations were still of the same 
form. He also suggested how terminal conditions on lines 
of finite length might be easily taken into consideration. 

Prof. Perry, in reply, said the introduction of self-induction 
and leakage rendered the calculations much more laborious, 
and that the terminal conditions were much more complicated 
than Mr. Blakesley supposed. 


TWO LECTURE-ROOM EXPERIMENTS. 421 


XXVIII. Two Lecture-Room Experiments, by W. B. Crort, 
M.A.* (Abstract.) 


Mr. W. B. Crort, M.A., showed two Lecture-room Experi- 
ments. One, on “The Rings and Brushes in Crystals,’ was 
performed by a very simple apparatus in two ways. In the 
first a bundle of glass plates was used as polarizer, and a 
Nicol prism as analyzer. When a Nicol could not be con- 
veniently obtained, a glass plate could be used as a reflecting 
analyzer. For a convergent system two glass card-counters 
were used, the crystal being placed between them. Very 
good results were produced by this simple apparatus. 

In the second arrangement the crystal was placed on the 
eye-piece of a microscope (whose objective was removed), 
and covered by a tourmaline. On reflecting light up the 
tube by means of a piece of glass held at the proper angle, 
excellent results were obtained. 

Another experiment, on “ Electric Radiation in Copper 
Filings,” was similar to those described by Dr. Dawson 
Turner at the Edinburgh meeting of the British Association. 
A battery, galvanometer, and glass tube containing copper 
filings were joined in series. Under ordinary circumstances 
no current passed, but immediately an electric spark was 
produced by an electric machine many feet away, the galva- 
nometer was violently deflected, and remained so until the 
tube was tapped. On trying different materials, aluminium 
and copper seemed about equal, but iron not so good. Carbon 
allowed the current to pass always. 


DISCUSSION. 


Prof. Minchin said the phenomena were strikingly like 
those exhibited by his “impulsion cells,” for the moment a 
spark passed, even at a distance of 130 feet, they became 
sensitive to light. Very minute sparks were capable of pro- 


* Exhibited October 27, 1893. 
VOL. XII. 24H 
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ducing the change, but by adding capacity to the sparking 
circuit the effect could be greatly modified. Replying to a 
question from Mr. Rimington, he said the change was due 
to electro-magnetic vibrations, and not to light emitted by 
the sparks. 

Mr. Blakesley enquired if lengthening the sparks produced 
greater effect on the copper filings. 

Mr. Lucas asked if the resistance of a tube ever became 
infinite again if left for a long time. 

In reply, Mr. Croft said the current sometimes passed 
before the spark actually occurred between the knobs. He 
had not left tubes for very long, and had not found the 


pope 
resistance reappear without tapping. 


XXIX. On the Separation of Three Liquids by Fractional 
Distillation. By Professor F. R. Barrett, 1/.4., B.Sc., 
G. L. Tomas, B.Sc., and Professor SypNey Youne, 
D.Se., F.RS., University College, Bristol*. 


Ir is well known that the separation by fractional distillation 
of two substances which are miscible in all proportions 
and which do not—like propyl alcohol and water or formic 
acid and water—form mixtures of constant boiling-point, is 
usually a simple matter if there is a considerable difference 
in their boiling-points. The facility with which the sepa- 
ration can be effected depends, in fact, chiefly on this 
difference. 

When, however, we have to deal with a mixture of three 
substances, the difficulty is greatly enhanced, and if the 
boiling-points are not far apart it may be almost, if not quite 
impossible to separate any quantity of the middle substance 
in a state of purity by the ordinary methods of fractional 
distillation. 

The variation in the composition of the distillate from a 
mixture of two substances, the boiling-point of which rises con- 
stantly during the distillation, has been carefully investigated 


* Read November 10, 1898. 
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by F. D. Brown (Trans. Chem. Soe. 1879, p. 550; 1880, pp. 49 
& 304 ; 1881, p. 517)*; and his results may be briefly stated 
as follows :—Calling the relative weights of the two liquids 
at any instant in the still W, and Wo, the relative weights at 
the same moment in the vapour (and therefore in the distil- 
late at this instant coming over from the mixture W,+ W,) 
x, and #y, and the vapour-pressures of the pure substances at 
the boiling-point of the mixture, P,; and P,., the composition 
of the instantaneous distillate is given approximately by the 
equation 


ey Wak 


te We ey 
aire Sere 
but by substituting a constant, ¢, for the ratio Pp. thus 
2 


Aun 
) est NV ae 
a still better result is obtained. 


The ratio = would, of course, vary to some extent during 
2 


* For an account of the experimental work and of the theoretical 
conclusions relating to the distillation of pairs of liquid that are (a) non- 
miscible, (6) miscible within limits, (¢) miscible in all proportions, the 
article by one of us on “ Distillation” in Thorpe’s ‘ Dictionary of Applied 
Chemistry’ may be consulted. Pairs of liquids belonging to the first and 
second classes boil at a lower temperature than even the more volatile 
component when distilled alone, and no separation can be effected by 
fractional distillation. Among those in the third class there are some 
from which only one of the two substances can be so separated; in each 
case of this kind there is a particular mixture (the composition of which 
varies to some extent with the pressure) which distils at a constant tem- 
perature without change of composition, and it is this mixture that would 
be separated by fractional distillation from that one of the pure substances 
which is present in excess. In some cases—such as propyl alcohol and 
water—the mixture of constant boiling-point and composition boils at a 
lower temperature than either of the liquids when distilled alone; in 
other cases—for example, formic acid and water—this mixture has a 
higher boiling-point than either component. 

It is only when the boiling-point of every possible mixture lies between 
those of the components that both liquids can be separated by fractional 
distillation ; it is only to such cases that Brown’s law is applicable, and, 
in the case of three liquids, it is only such mixtures that are considered 
in this paper. 


Ye) Vl Ye 
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the distillation ; the value of the constant, c, does not differ 


greatly from the mean value of the ratio =! 


Pe 
This equation of Brown’s may be written in the form 
dn 1’ 


where &=residue of liquid A at any instant, 

a ” B ” 

Taking L and M as the weights of A and B originally 
present, and L+ M=1, we obtain by integration 


M e—i e o— c 
pytet ey} sae (bd bee 


where y=quantity of the more volatile liquid A in unit weight 
of the distillate coming over at the instant when 2 is the 
quantity of liquid distilled. 

By means of this equation we may trace the changes of 
composition that take place in the course of a distillation, 
and the variation in the composition of the distillate may be 
represented graphically. 

To take a very simple case, let us suppose that c=2, and 
that L=M=4. 


In the diagram (fig. 1) the amounts of distillate that have 
been collected are represented as abscissee, and the relative 
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quantities of the two liquids A and B in the distillate at any 
moment as ordinates. 

Tt will be seen that the composition of the distillate alters 
slowly at first, then more and more rapidly, also that while 
the first portion of the distillate contains a considerable 
amount of the less volatile substance B, the last portion is 
very nearly free from the lower-boiling component A. These 
points are fully confirmed by experiment. 

By fractionating a few times in the ordinary way, collect- 
ing the distillates in six or eight fractions, we shall have a 
very large excess of A in the first fraction, and of B in the 
last. 

Suppose now that we have two of these fractions, one con- 
taining A’and B in the ratio of 9:1, and the other in the 


ratio of 1: 9, and that we distil these fractions separately and 
completely ; the results will then be represented by figs. 2 
and 3. 

In making use of this formula it is assumed that no con- 
densation (and therefore no fractionation) goes on in the 
still-head, but that the vapour reaches the condenser in the 
same state as when first evolved from the liquid in the still. 
It is obvious that by using a long still-head or a dephlegmator 
a more rapid separation would be effected. 

In any case it is evident that after a sufficient number of 
fractionations, the first portion of the distillate from the first 
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fraction will be free from B, while the residue from the last 
fraction will be free from A. 

Suppose now that our mixture contains a third substance, 
C, the boiling-point of which is higher than that of B. 

It may be conjectured that in the progress of the distilla- 
tion, the composition of the distillate at any instant will be 
analogous to that determined experimentally by Brown in the 
case of two liquids: namely, “the proportion of the three 
substances in the vapour forming the instantaneous distillate 
is the same as that of the weights of the three substances in 
the residue in the still, each weight being multiplied by a 
suitable constant which is roughly proportional to the vapour- 
pressure of the corresponding liquid.” 

With this assumption it is easy, as in the case of two liquids, 
to calculate curves representing graphically the progress of 
the distillation. 


Let £7, € = weights of the three liquids in the still at 
any instant ; 


“. dE, dn, d& = weights of the three substances in the 
instantaneous distillate. 
By hypothesis, 
d& _ dn _ dg 
ak bn 0k 
Integrate 
ie oe pais kK 
a g fai £1+ aah og f+ : 


Let L, M, N be the original weights of the three liquids, 
and (L+M+N=1); 


1 1 1 
aoa log lL = jp ogM+k=~ logN+#. 
Subtract 
Loge. Decrly ae 
a ST 5 8 y= 6 BN: 
Ey _ (2); (2) 
i) = (i)? = x) 
Let 
y, = weight of A ) in unit weight of distillate 
i 5» B ¢ coming over when c= weight 
y= C J of liquid distilled ; 
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pbs GS aay 
Z d&+dn+d& a&+bn+ecf’ 


Res eae ts. ef 
2 ak +bn+ ce’ 18 GE bn bok 
Let 
b 
be ey Met C= Nee 


l—a = €4+74+6= LAt!4 Mert14Ne; 


oe aliz* $ bMz 
A= alb2+bMe+eNn’ ch ie alLe+bMe+eN ’ 


a cN 
Ys = Ghz +b Me +cN’ 


The elimination of z from the expressions for # and y is 
impracticable, but the curves may be readily traced by treat- 
ing z as an independent variable. 

In the following curves (figs. 4 & 5) we have taken 


C—O ec—i, [andi o, w= 1), 


these being nearly proportional to the vapour-pressures of 
methyl, ethyl, and propyl acetates. 

I. represents the first distillation ; in it L=M=N=H. 
IL. a, I. @, U.y, I1.6, Il. ¢ represent what would take place 
if the five fractions into which I. is divided were separately 
distilled ; the composition of these fractions being found from 
the curves I. to be :— ; 


A or L BorM CorN. 
j BE eee 543 300 15% 
DBAs re. oe oes AT 33 20 
ie 4 37 365 265 
Or ay en sme #22 39 39 


Li gel ietecdees 047 "265 "687 


o 


_ 


i 


: 


So 


e 


A 
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It is to be noted that in II.a, which is richest in the low- 
boiling liquid A, the amount of A rises from *543 to an initial 
value ‘74, and in the first half (or at least 2) of the distillate 
the aggregate amount of A rises to °7. 

In Il. ¢, which is richest in the high-boiling liquid G, the 
amount of © rises from *687 to about ‘9 in the last fifth, or 
‘82 in the last two-fifths of the distillate; whereas in II. 6, 


Fig. 5. 


which is richest in B, the middle liquid, the amount of B 
rises merely from °39, its initial value, to about °45, its value 
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for the fifth which is collected just after the first half (-5 to 
7). It is curious that in each of these distillations B rises to 
practically the same maximum value, viz. ‘45, the effect of 
the varying richness of the fractions in regard to B being 
merely to widen out or contract the B curve. 

IIl.aa, I11.8 “cd,” Ul.ee represent the distillation of 
those fractions of II. which are richest in A, B, and C 
respectively, and give some indication of the processes going 
on at the important stages of the third fractionation. In 
these A rises from ‘7 to -82, B from :45 to ‘5, C from °9 to 
°98. Here we notice that, owing to the small amount of C 
present in III. «a (whose original composition is A °696, 
B :239, and ©:065), B attains a higher maximum (525) than 
it does (496) in III. 6 cd, which is far richer in B originally 
[A °182, B -44, C °378]. 

P represents a distillation at an advanced stage of the 
fractionations—of a fraction rich in B. Its initial composi- 
tion is A °02, B:96, C :02. Bis only advanced from ‘96 to 
97 at the most favourable part of the curve, and is nowhere 
very free from C ; this points to the difficulty of obtaining B 
in a pure state by the ordinary method of fractionation. 

The calculations for III. 5 cd are appended as a specimen of 
the system employed (see table opposite): with the aid of the 
slide-rule they are very quickly effected. 

Apart from the consideration of the above hypothesis and 
formule, it is clear that after five or six fractional distillations, 
carried out in the ordinary manner (but with a larger number 
of fractions than when only two substances are present), the 
first fraction will contain a large excess of A, a little of B, 
but very little, if any, of C; the middle fraction will con- 
tain an excess of B with moderate quantities of both A 
and C; the last fraction will consist almost entirely of C, the 
quantity of A, if presentat all, being much smaller than that 
of B. 

Now let us suppose that these fractions are distilled sepa- 
rately and completely. The first portion of the distillate 
from the first fraction will consist of A in a nearly pure state, 
and, even if it contains a little of B, will be free from C. Of 
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ti s2: l-—z = "182 44°44 224-3782; 
M=:°44, 378 
N =:378. 73 = 378+ 88024 7282" 
4, 378 2. “44 2?, 182 24. 1l—z, 880 z. 728 2°. | Denominator, Oho Yor Yr: 
0 0 0) 0) 0 0 0 378 1 0 0 
1] -038 004 000 042 88 1 467 810 188 002 
2 075 018 ‘000 093 176 6 560 ‘675 314 ‘Oll 
#3) 114 040 001 155 264 20 662 ‘571 399 080 
‘4, 151 ‘070 005 226 352 46 776 488 458 059 
‘| 189 110 ‘O11 310 440 91 909 416 484 100 
‘6| 297 158 024 409 528 157 1063 356 496 148 
7] +265 216 044 525 616 249 1243 304 495 -200 
8 3038 282 ‘074 659 704 373 1455 260 483 256 
9 340 856 ‘119 ‘B15 792 530 1700 "222 ‘466 312 
1:0| 378 440 182 1-000 880 728 1986 190 443 367 
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the middle fraction the middle portion (or probably a rather 
later one) will be purest, but will contain a little of both A 
and ©. The purest part of the last fraction will be the last 
portion (the residue in the still) and will be quite free from 
A though it may contain a little of B. 

By proceeding with the fractionation in the usual manner 
we could obtain A and C in a pure state by separating each 
time the first small portion of the first distillate and the 
residue from the last distillate : but we should have to carry 
the fractionation a very great deal farther before we could 
obtain B in a state of purity. We should, in fact, have to 
reduce the quantities of A and C in this fraction until they 
both disappeared from the middle portion of the distillate, 
and an idea of the difficulty of attaining such a result may be 
gathered from the diagram P. 

With substances whose boiling-points are not very far 
apart the rise of temperature during such a distillation would 
be almost imperceptible, and in the fractionation it would be 
necessary to collect a large number of fractions above and 
below the true boiling-point of B with very small tempera- 
ture-ranges. It would be necessary also to read the tempera- 
ture with extreme care, and to make very accurate corrections 
for changes of the barometer (which would be impossible 
unless the vapour-pressures of the substance had previously 
been determined). 

It has been pointed out, however, that after the mixture 
has been fractionated a few times, the first portion of the 
first distillate is free from C, while the residue from the last 
distillate is free from A. If, therefore, after the fifth or sixth 
fractionation we remove these first and last portions each 
time, we shall gradually accumulate two quantities of liquid, 
one (the first portions) containing only A and B, the other 
(the residues) only B and C, and these may be separately 
fractionated in the ordinary way. 

It is to be noticed also that as a quantity of liquid is 
removed each time, the total amount to be distilled, and 
therefore the time required for the distillation, gradually 
diminishes. 

In arranging the fractions—as regards temperature—it is 
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advisable, if the true boiling-points of the liquids are known, 
to take these temperatures and also the middle temperatures 
between the boiling-points of A and B and of Band Cas 
definite points, and to arrange the fractions as far as possible 
symmetrically about these points. There will thus be frac- 
tions of small and diminishing temperature-range above and 
below the boiling-point of B—and at the boiling-points of A 
and C after a few fractionations and until these substances 
are to a large extent eliminated—and fractions of large and 
increasing temperature-range above and below the two middle 
temperatures. 

As the preliminary fractionation proceeds, more and more 
of A and C will be eliminated, so that after « time the boiling- 
point of the first portion of the lowest fraction will gradually 
rise, while that of the residue from the last fraction. will 
gradually fall until either A or C disappear, or, if we proceed 
still further, until we have nothing but B left. Much time 
may therefore be saved if, instead of adding all the first 
portions of the lowest fractions together (and the same remark 
applies to the residues from the last fractions), we collect 
them in six or more different quantities. The final fractiona-~ 
tions will then be in a forward state when the preliminary 
one is completed. 

We shall in this manner obtain two quantities of B, one by 
the final fractionation of the first portions of the distillates 
from the lowest fractions of the preliminary fractionations, 
the other by that of the residues from the preliminary frac- 
tionations, and we can test the purity of the substance by 
comparing the boiling-points and the specific gravities of the 
two samples so obtained. 

In order to test the value of this method, a mixture of 
200 cub. cent. of methyl acetate (B.P. 57:1), 250 cub. cent. 
of ethyl acetate (B.P. 77:15), and 200 cub. cent. of propyl 
acetate* (B.P. 101:55) was distilled from a flask provided 


* The esters had previously been purified with great care, and were 
distilled separately from phosphorus pentoxide immediately before being 
mixed, Special precautions were also taken to avoid absorption of 
moisture during the fractionations. The methods of preparation and 
purification and proofs of the purity of the esters are fully described in 
the Trans. Chem. Soc. xiii. p. 1194. 
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with a still-head one metre in length. The distillate was 
collected in four approximately equal fractions, numbered 5, 
8, 11, and 14 under F in the table (I.) below. The observed 
temperatures (reduced to 760 millim.), the range of tem- 
perature for each fraction (At), the weight of each fraction 
(Aw), and the ratio of the weight to the temperature-range 


(=) are also given in the tables. The second fractionation 


(II.) was carried out in the following manner : the first frac- 
tion from I. (No. 5, B. P. 63°°8 to 71°°3) was distilled and 
the distillate collected in a separate receiver (No. 4) until the 
temperature rose to 63°°8 *, when receiver No. 5 was substi- 
tuted for it and the distillation continued until the tempera- 
ture rose to 71°°0. The gas was then turned out, and the 
second fraction from I. (No. 8, B. P. 71°°3 to 77°°8) added to 
the residue in the flask. Heat was again applied and the 
distillate collected in receiver No. 5 until the temperature 
again rose to 71°:0, when it was replaced by receiver No. 8, 
and the distillation was continued until the temperature rose 
to 77°1. The third fraction from I. (No. 11, B. P. 77°8 to 
89°:2) was then added to the residue ‘in the flask, and the 
distillate collected in No. 8 until the temperature again rose 
to 77°1, when No. 11 was put in its place. When the tem- 
perature had risen to 84°4 a new receiver, No. 13, was sub- 
stituted for No. 11, and the distillation was continued until 
the thermometer registered 91°°7. The last fraction from I. 
(No. 14, B.P. above 89°2) was then added to the residue in 
the flask and the distillate collected in No. 18 until the tem- 
perature rose again to 91°7, after which fractions were col- 
lected in No. 14 from 91°7 to 98°:4, and No. 15 from 98°4 
to 101°5, when the distillation was stopped, and the residue 
poured into receiver No. 17. 


* The actual temperature was 63°5, the barometric pressure being 
is ane d; ae ee 
7511 millim.; the value of ae at the boiling-point is 27 millim. per 


degree for methyl acetate, 25 millim. for ethyl acetate, and 23 millim. 
for propyl acetate. All the temperatures are corrected to 760 millim. 
by means of these constants. 


Pe Il. 
é corr. to Aw, t corr. to Aw, 
es 760 mm. se be = TOO ee AP ag 
fe) ° le} 
5 a x 4. 60:9- 63°8 29 | 59°7 | 20:6 
5. 63°8-71°3 75 | 141-4] 18:9 5. 63°8- 71:0 72 11842) 186 
8. 713-778 65 | 145:2) 22:3 8. 71:0- 77-1 61 | 984 | 161 
Va 77-8-89°2 114 | 1469} 12:8 dls 771- 84:4 73 | 67:2 9:2 
138. 84:4— 91:7 ey || {oO 70 
14. above SO-2 fl sceces 143°3 14. 91-7- 98:4 67 | 86:1} 12:7 
15. 98:4-101°5 31 | 63°77 | 206 
Wiel) leon ROUgsy Yh neck 14:3 
576°8 5746 
1858 RV; 
{e) {e) fe) 
Q ° ° 2.| 57-7 = 586 0-9 Vien melo 
3. 58°4 -- 60°95 | 2°55 | 36°5 | 143 3. 58°6 — 61:0 2-4 58h 2377, 
4, 60°95- 63°85 | 2:9 77:2 | 266 4. 61:0 - 63:9 29 531 | 18:3 
5. 63°85- 71:0 715 |100°6 | 14:0 5. 63°9 - 71:05 | 715 | 85:1] 11:8 
8. 71:0 — 77-15 | 615 | 754 | 12:4 8. | 71:05— 7715 | 61 66:6 | 10°9 
lle 77:15- 84:4 1226 \ 677 9°3 1 7715- 84:3 TAS S4ei cs 
15. 844 - 91:65 | 7:25 | 59°6 8:2 13. | 843 - 91°6 13 40°8 56 
14, 91°65- 98-4 6°75 | 46°7 69 14. 91:6 -— 98:4 68 338 5:0 
15.| 98-4 -101-45 | 3-05 | 783 | 26-1 15.| 98-4 -10095 | 25 | 441] 176 
16. | 100:95-101-45 | 05 | 387 | 77-4 
17, | 101°-45-101°55 | O01 19-7, | 197-0 17. | 101-45-101'55 | O1 24°2 | 242:0 
Lie se ESSE 10°0 Lime Sete poten 20:2 
BT1'7 5666 
A "ie VI. 
[e} fo} [e} 
sau) a r 1.| 570-673 | 63 | 63] 210 
2. 57-1 — 582 itil 19°4 | 17-6 2. 573 -— 58:2 0:9 Piskay | aa lCPy 
3. 58°2 - 60°7 2°5 69°9 | 28:0 3. 58°2 — 60:1 118) 550 | 29-0 
4, 60°7 — 63°85 | 3:15 | 49:0 | 15:3 4. 60:1 - 63°85 | 3°75 | 542] 14:3 
5. | 63°85- 71:0 715 | 69:0 96 5. | 63°85- 70°75 | 6-9 47°4 69 
7. | 70°75— 75:7 4:95 | 52:0 | 10:4 
8. CO aeloal iGO al sue AIG: 8. 757 — 7715 | 1:45 | 33:4 | 22:3 
date 77:15- 83°35 | 6:2 85:1 | 186 iil. 77:15- 78:4 1:25 | 34:8 | 29:0 
12. | 784 — 82°5 41 47-9 | 11:7 
13. | 83:35- 90°75 | 7-4 33°7 46 13. | 82°56 — 90:2 es 28:1 36 
14. 90°75- 98:45 | 7:7 33°5 4:4 14. 90°2 — 98:45 | 8:25 | 27:8 3:3 
15. 98°45-100'95 | 2°5 294 | 11:8 1d: 98:45-100:95 | 2°5 25°6 | 10:2 
16. | 100°95-101°45 | 0°5 36°7 | 73°4 16. | 100°95-101°45 | 0°5 80°3 | 60°6 
17. | 101°45-101°55 | O-1 31°) | 311:0 17. | 101:45-101:55 | O-1 340 | 340-0 
pete Mesacac melee Wo yemas 384-7 Livraal|, MaMieecatere jek. Ea |foietdtina 506 
562-6. Yas) 
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VIL. VII. 
é corr. to Aw é corr. to 
760 mm. Ne BOF Ag FR. 760 mm. ph ae 
(eo) fo} fo} 
6 - B A eta sitter fast tee ook eile ; 
1. | 57-:05- 57°25 | 0:2 13:3 | 66°5 Le e721 5— 585 10:2 : 58°5 
2. | 5i-25— 5815 || 0:9 42:9 | 47:7 2. 57°35- 58°25 | 0:9 491 | 546 
3. | 58:15- 60:0 1:85 | .47°5 | 25:0 8. | 58:25— 60:15 | 1-9 454 | 23:9 
4.| 60:0 — 63:8 3'8 43:5 | 11-4 4. | 60°15- 63:8 3°65 | 36:0 9-5 
5. | 63:8 — 70:75 | 6:95 | 45°9 6:7 5. | 63°38 - 70°7 6:9 37°8 5:5 
7. | TO75- 758 5:05 | 42:7 8-4 a 70°7 — 758 5:1 41:9 8-2 
8. | 75:8 — 77-2 1-4 45:0 | 32:1 8 758 - 77:15 | 1:35 | 43°8 | 32-4 
THE = [hs ileal 37°8 | 34:4 i nl ie a i fo 4 1:05) ot 
78:3 - 82:1 38 41:1] 108 12. | 782 —- 81-1 2:9 34:1 
82:1 — 90°15 | 8:05 | 23:4 29 18. | 811 - 90°05 | 895 | 22:8 
90-715- 98°45 | 83 22:3 27 14. | 90:05- 98:5 845 | 17:8 
98:45-100:95 | 2°5 176 7:0 15. | 98:5 -101-0 2:5 16:7 
100-95-101-45 | 0°5 243 | 48°6 16. | 101:0 -101:45 | 0:45 2 
101-45-101°55 | O11 23°7 | 237°0 17. | 101°45-101°55 | O-1 12°6 
Bees ae iliseaees 80:2 Dn ae deuleas Boece. POIs) 
551-2 547-7 
1D x 
fo} O° ° fo} ° fe) 
saficorae  Muleathons 11:4 A een aetncie davece Piles) 
57-0 — 57°25 | 025 | 186 | 74:4 Do SFL = S725 || 035 ; 
57°25- 58:0 0:75 | 44:5 | 593 OR yin Byrds || Cys 35°7 
58:0 —- 59°75 | 1:75) 41:4} 23:0 3. | 57°75- 59°35 | 1:6 43:0 
59:75- 63°75 | 4:0 35:1 8:8 4. | 59°35- 63°75 | 44 349 
63°75- 71:0 7:25 | 30°4 42 5. | 63°75- 71:3 7-55 | 28:9 
71:0 - 75°95 | 495 | 39°9 80 7 71:3 - 76:1 4:8 369 
75°95- 77:15 | 1:2 47-9 | 39:9 8 (ON Ciel ds | 1-05 | Oses: 
77°15- 78:05 | 0-9 57:9 | 64:3 TE trp piyS yie(S8) 0-75 | 53:9 
78:05- 80:55 | 2°5 271 | 108 12. | %7-9 — 79:9 2:0 23:3 
80°55- 89°9 9°35 | 20°4 2:2 13. | 79:9 - 89:9 |10:0 19:8 
89°9 — 98°85 | 895 | 14:1 16 14. | 89:9 — 99:3 9-4 125 
98°85-101:05 | 2:2 12:8 58 15. | 99°38 —10171 18 : 
101:05-101°45 | 0-4 9:8) | 24:5 16. | 10171 -101°5 0:4. 
101-45-101°55 | O-1 63 | 63:0 17. | 101°5 -101:55 | 0:05 
Saeasien ae 4’ sseiaens 124-6 Za Redsk Soeeco || SPA) 
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XI. XI. 
FR. t. corr. to Aw. t corr. to Aw 
760 sata At. | Aw. | 7 F. 760mm, | S& | 4% | 7 
° fe) 
PES hE aR ; iene aC} 1 Rel gh . ee enol 
1.) 571-572 | O1 | 152 | 1520 1. | 571-572 | 01 | 17011700 
2.1 572-577 | 05 | 346] 69-2 2. | 57-2 - 57-65 | 0-45 | 305 | 678 
3.| 577-591 | 14 | 364! 260 3. | 57-65- 589 | 1:25] 303 | 249 
4.| 591-634 | 43 | 341/ 7-9 4 | 589-635 | 46 | 310| 67 
5.| 634-715 | 81 | 239] 30 5. | 635-719 | 84 | 238] 28 
7.| 715-7625 | 475 | 361} 75 7.| 719-7645 | 455 | 399] 74 
8.) 7625-76-95 | 07 | 285 | 40-7 8.| 76-45- 77-0 | 0:55 | 305 | 555 
9.|~76-95- 77-15 | 9-2 | 279 |1395 9.| 77:0 - 7715 | 0-15 | 27-6 | 1840 
10.| 77-15-7735 | 0-2 | 287 | 143-5 10.| 7715-773 | O15 | 36-2 | 241-3 
ll. | 7735-77-75 | 04 | 294] 735 ll.! 773-776 | 03 | 2561 853 
12.| 77-75-7935 | 16 | 219] 137 12.! 77-6 — 78:85 | 1-25 | 1871 14:9 
13.| 79:35- 893 | 9-:95| 187] 1:9 13. | 7885-889 |10-:05} 179] 18 
14.| 89:3 — 99:55 |10:25 | 109] 11 14.| 889 - 99:55 |1065| 95] 0-9 
15.| 9955-10115 | 16] 95] 59 15.| 9955-10115 | 16 | 811 51 
16. | 101-15-101-45 | 0:3| 601 20-0 Soy Nae otto i 7:8 
AT) ee ae en 81 (Y & 
ll cet hn 1326 Byler oe ih recs 140°7 
534-0 529-2 
XIII. XIV. 
° ° oO (eo) O° (oe) 
1 ee een ee 50-4 Have Wuaehs Witos. ° -slaaees 60°7 
1.| 571 57-2 | OF | 20-4 | 2040 | srits72 | or | 147 | 147-0 
2.| 572-576 | 04 | 229] 57-2 2.| 572-576 | 04 | 236] 59-0 
3.1 576-587 | 11 | 260| 236 3.| 576-586 | 10 | 226] 226 
4.| 587-638 | 51 | 308] 60 4.| 58:6 -64-25 | 565 | 299] 53 
5. | 638 - 7235 | 855 | 213 | 25 5. | 6425-728 | 855] 188] 22 
7.| 7235-7665 | 43 | 362] 82 7.| 728-7665 | 385 | 288) 75 
8. | 7665-7705 | 0-4 | 232] 58-0 8.1 76-65-7705 | 04 | 27-1] 67-7 
9.| 77-05-7715 | 0-1 | 331 | 331-0 9.| 77-05-7715 | O01 | 35:2 13520 
10. | 77:15- 77:25 | 01 | 38-0 | 380-0 10. | 77-15-7725 | OL | 431 | 431-0 
11. | 7725-773 | 0:25 | 21:5 | 860 11. | 77-25-7745 | 02 | 156] 78:0 
12.| 775-785 | 10 | 176 | 176 12.| 7745-782 | 075 | 174| 232 
13.| 785-887 |102 | 187]! 1:8 13.| 782-847 | 65 | 160| 24 
14.| 887-997 1110 | 93] 08 ed ah ead Le eS 11-4 
i Fo, 8:1 CW to ae 
i Pa eae 
( + } A en oe 148-5 
521-5 
525-0 
VOL. XI. 21 


EXCV XVI. 
t corr. to Aw t corr. to Sw 
FB, 760 mm. At. Aw, Ai FE. 760 mm. Ad Aw. At 
1 Nag ee: Se erot ft a ro | 799 
1.| 571572 | O1 | 163 | 163-0 1. | Brvi 572 «| OF | 146 | 146-0 
6. | 572-876 | O-+ | 21:0] 525 2| 572-576 | 04 | 173] 432 
3.| 576-586 | 1-0 | 171 | 27-1 3.| 576-586 | 10 | 146| 146 
4.| 586 648 | 62 | O71) 44 4.| 586 -65°35 | 675 | 25°0| 37 
5.| 648-734 | 86 | 174] 20 5. | 6535-739 | 855) 16] 18 
7.| 734-767 | 33 | 278] 84 7.| 739-768 | 28 | 266] 92 
8. | 767 -77-05 | 0:35 | 21-7 | 62-0 8. | 768-771 | 03 | 267) 89°0 
9.| 77-05-7715 | O01 | 43-0 | 430-0 9. | 77-1 -77:15 | 0-05 | 39-0 | 780-0 
10.| 77-15-72 | 0-05 | 40-4 | 808-0 10.| 77-15-77:2 | 0:03 | 399 |'798-0 
ll. | 772 774 | 02 | 21-2 |106-0 11.| 77-2 -77-35 | 0-15 | 244 |162°6 
12.| 774-780 | 06 | 125 | 208 12.| 77-36-79 | 055 | 11-6 | 21-1 
13.| 780-796 | 16 | 97] 61 u Ue, ae. 66 
‘VA COC MOORE: ARBOOD 15°8 to 1 24 
(W to, 1566 2.) } aoe bea 
Z.) wearer ae 9) : 
514-2 
5177 
XVII XVIII 
ope cae | 867 Pte <a eae patel ei a 
1.| B71 572 | OF | 14414440 1.| 571-572 | O+ | 11:3 1113-0 
3.| 572-876 | 04 | 143] 357 9.| 572-576 | 04 | 13-41 335 
3.| 576-386 | 20 | 135| 135 3.| 576-586 | 10 | 2107] 10-7 | 
4.| 586-658 | 72 | 204] 341 4.| 586-6625 | 7-65] 213] 28 
5.| 658-744 | 86 | 159] 1:8 5. | 6625-7485 | 87 | 150| 17 
7.| 744-7685 | 2451 24-71] 10-1 7.| 7485-7685 | 20 | 21-41] 107 
8.| 7685-771 | 0:25] 190] 760 8. | 7685-771 | 0-25) 20:5 | 82-0 
9.| 77-1 -77:15 | 0:05 | 383 1766-0 9.| 771-7715 | 0-05 | 41-2 | 8140 
10.| 7715-772 | 0:05 | 48-0 | 960-0 10.| 7715-772 | 0-05 | 496 |992°0 
ll. |-77-2 -773 | 01 | 22-0 | 2200 11. | 772-773 | O1 | 21-0 |210-0 
12.| 77:3 -77-65 | 035] 9-6 27-5 Dee” Mee 6-0 
ea ee de | MRR 10-2 (U to 
ees ses 182-6 
(V to Z. } 
Dydter ase) lees 1724 ) 
ae 5081 
BI1-4 
XIX Xx. 
\ 
Ns gee sass. -[100'3 A lhe icsen ce weve [LOB 
1. | 571-572 | 01 | 95} 950 1.| 57-1 -5715 | 0-05} 59 | 118-0 
2.1 572-576 | 04 | 11-7] 99-2 2.| 5715-5755 | 04 | 10-7 | 26-7 
3.| 576-586 | 10 | 901 90 3.| 57-55-5855 | 101 89 | 8&9 
4.| 686 -66-75 | 815! 190] 2:3 4,| 5855-6725 | @7 1176 | 20 
5.| 66-75-7535 | 86 | 157] 18 5. | 67-25-7595 | 87 1166 | 19 
7.| 7535-7685 | 15 | 184] 123 7,| 7595-7695 | 101160 | 160 
8.| 7685-771 | 0-25] 183 | 73-2 8.| 76-95-7715 | 0-2 | 13-4 | 67-0 
9.| 771-7715 | 0-05 |-39-5 | 790-0 9.| 77-15 og RDO pecan 
10. | 7715-772 | 0-05 | 57-6 1159-0 10. to 77-2 | 1| 49-45 4888 
ll. | 772-773 | 01 | 13-9 | 199-0 1h. | 77-2 -77:25° | 0-05) 13-0 | 260-0 
ae ered Wi 9-7 cae es Se 86 
0 . (au to q of 
Fail; ages Wee 182°6 Z) } Batic, Ae 1923 
505:2 502'9 


XXI. XXII. 
t corr, to Aw Z corr. to 
760 mm. At. | Aw, roa FE. 760 mm. AG 
ae ee Ct) hla vel pag 
SBIR |. 116 
57-15-5755 | 04 | 7-2] 180 e “TDD | ae 
Chi ay es 3. | B7-55-58:55 | 1-0 
57°55-58°55 1:0 7-0 70 : : 
5855-672 | 865/ 163| 18 Oe ae 
67-2 -76°3 9-1 18-2 2-0 5. 67-2 -76°5 9:3 
763 -770 | o7 | 11:2] 160 7. | 765 -77-05 | 0°55 
| 77-0 77-15 | 0-15] 253 | 1686 8.) 77 oy lee O1 
PH bere slight | } a, 38°7 |) very 9: : . 
}i7 18 { roa | £90. | 3am |thienl | 10. hi 19a 0 
. | 7715-772 | 0-05) 14:8 | 296-0 ete: 
Rs ial 77:15 
YES foe 168 
BA, Seay, wee 
\ pee aN te: 192°3 (S to] | 
By At creer) alate 
500-4 
XXUL XXIV 
on } sion 2... | 127-2 Sr Toy Oo co AR 
bees bine 86 Ds aon ule 
4.| 5855-672 | 865] 91/141 4.| 5855-672 | 865 
5.| 672 767 | 94 | 217| 2:3 5.| 672-753 | 81 
6.| 753 -768 15 
7.| 67 =77-1 0-4 | 144] 360 7.| 768 -77°1 03 
8.| 771-7715 | 0-05! 166 | 332-0 8.| 771-7715 | 0-05 
®. | \ 77-15 | BEN Cory 9 Il 77-15 lo 
10. Ibo | 252 j Bigh 10. i 
ies || Uepeal’s 115 8 One ae, We eee 
R Mn i ls'sly-duis'oaly 0 UN Neisb isis 19-7 (R to } 
ae | AN Meee pe 
Bate cee | cee 2091 
496-2 
XXV. XXVI. 
hee 2. 1187-2 5 } eae ant 
= aide ae 10-2 EB... rl zoe 
67-9 ~75'5 76 | 931] 13 5. | 689-757 | 68 
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The third fractionation (III.) was carried out in a similar 
manner, a new fraction No. 3 being collected at the beginning. 
As the temperature rose to 101°55, the true B.P. of propyl 
acetate, before the end of the last distillation, the residue in 
the flask consisted of this substance in a nearly pure state, and 
it was therefore collected in a separate flask Z, and was not re- 
distilled during the preliminary fractionations. The residues 
from the subsequent fractionations up to the tenth were col- 
lected in Z, but after this, as a large amount of propyl! acetate 
had been removed, the temperature did not reach 101°°55, 
and the residue from the eleventh fractionation (B. P. above 
101°45) was collected in a new flask, Y. 

At the end of the twelfth fractionation the temperature 
rose only to 101°15, and the residue was therefore placed in 
a third flask, X, and subsequently the residues were collected 
in W, V, &c., to Q, as shown in the tables. 

It was not until the fifth fractionation that the first fraction 
began to boil at 57°1, the B.P. of methyl acetate, and it 
was not thought advisable to separate the first portion of the 
first distillate until the eighth fractionation, This portion and 
also the corresponding ones up to the twentieth fractionation 
were collected together in flask A, after which the first 
portions were collected in B, C, D, and E. 


The ratios ae give an indication of the purity of the 


various distillates, for with a pure substance, since At=0, 
Aw 
At 

Aw 


rise of temperature during distillation, and ae is conse- 


=, while with a very impure substance thereis a rapid 


quently small. 

It will be seen that the ratio for the highest fraction rises 
rapidly, being 197 in the third fractionation and rising to 340 
in the sixth, after which it diminishes again owing to removal 
of propyl acetate in the residues. The value for the lowest 
fraction increases much more slowly, reaching a maximum of 
204 in the thirteenth fractionation, and afterwards diminishing 
owing to removal of methy! acetate. 
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The presence of the middle substance, ethyl acetate, is not 


clearly shown until the fourth fractionation, when the value of 
a for the sixth distillate (No. 9) is higher than for those 
above and below it; but the gradual accumulation of the 
ethyl acetate in the middle fractions in subsequent fractionations 
Aw , 
AE for fractions 
8 and 11, and after the tenth fractionation in fractions 9 
and10. The range of temperature for fractions 9 and 10 was 
gradually diminished from 0°2 each in the eleventh fractiona- 
tion until no rise could be detected ; there was indeed no 
perceptible rise of temperature during the collection of No. 11 
in the twenty-second and twenty-third fractionations. It was 
therefore certain that after the twenty-sixth fractionation the 
tenth fraction was free from propyl acetate, and that the 
remaining fractions Nos. 5 to 10 contained only methyl and 
ethyl acetates. 

The preliminary series of fractionations was therefore 
completed, no fraction now containing more than two sub- 
stances. 

The progress of the separation is well seen by mapping 
the temperatures against the total weight of distillate 
collected. The curves I. to XII. represent the first twelve frac- 
tionations, the weight of distillate being given in each case 
as percentages. The dotted lines at the extremities of the 
later curves represent the methyl and propyl acetates re- 
moved in the first portions of the first distillates and in the 
residues. 

The presence of the middle substance is clearly indicated in 
the fourth curve, but not in the earlier ones. 


is clearly shown by the rise in the values of 
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Final Fractionations. 


The fractions into which the esters had been separated at 
the end of the 26th preliminary fractionation are given 
below :— 


Methyl and Ethyl Acetates. Ethyl and Propyl Acetates. 
Frac- Temperature : Frac- | Temperature . 
tion. range. Weight. tion. range. Ween’ 

° fe) 
A 57:1 1055 ||Q ... 77-15 32'3 
13 ee below 57:15 UG) || Re above 77:15 19-7 
Cae » 91:55 LOD || Sekevss pe 168 
Die » 0855 LO:OR ee yy UES 97 
E Hy. esky UO ree HLM 10:2 
5 68°9-75°7 (ELE WINE see a EES 15°8 
Gare 75°7-76:9 10749) Water yy ere 81 
Ue ee 769-771 UE | PsSS Gac LOLS 78 
Sans: 771-7715 NG || Yas », 10145 81 

° 77°15 LO 2 \| Zee », 101-55 132°6 

LORE. 77:15 12:1 
229°7 261:1 


The total weight was 490°8, so that 86 grams had been lost 
by evaporation and through adherence to the flasks and to the 
funnel through which the liquid was poured into the still. 

The final separation of the esters was carried out in the 
following manner :— 

Ethyl Acetate (1).—The fractions 5 to 10 consisted of ethyl 
acetate with some methyl acetate. The final fractionations 
in this case were a continuation of the preliminary ones and 
were carried out in the same manner. No. 10 was almost if 
not quite pure ethyl acetate, and was only distilled once more; 
the first portion was collected in No. 9, and the residue was 
taken as pure. In the remaining six fractionations the resi- 
due, after the distillation of No. 9, was each time taken as 
pure, and the total amount of ethyl acetate thus obtained was 
56°1 grams. 

Ethyl Acetate (2).—The flasks Q to U contained ethyl 
acetate with some propyl acetate. In the six fractionations, 
which were carried out in the usual way, the first portion of 
the distillate from Q was each time taken as pure, the small 
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residue in the still being rejected. The weight of pure ethyl 
acetate obtained from this series was 62°7, and the total 
weight was therefore 118°8 grams, or about 53 per cent. of 
that originally taken. 

Methyl Acetate—The flasks A to E contained methyl acetate 
with some ethyl acetate. Although special care had been 
taken to prevent absorption of moisture, it was found that a 
little water was present: in two fractionations, therefore, 
phosphorus pentoxide was placed in the distillation-bulb, 
which was heated by a water-bath. After the first frac- 
tionation the first portion of the distillate from the first frac- 
tion was taken as pure, the small residue in the still being 
each time rejected. There were altogether nine fractionations, 
and the amount of pure methyl acetate obtained was 88 grams, 
or about 48 per cent. of that taken. (The loss of this ester 
by evaporation would be greater than that of either of the 
other two.) 

Propyl Acetate.—The flasks V to Z contained propyl acetate 
with some ethyl acetate. It was found that the first two 
residues were slightly acid, owing to hydrolysis of the esters 
by the trace of water present. These two residues were 
therefore collected separately and were shaken with a strong 
solution of potassium carbonate ; the ester was then washed 
with water, dried with phosphorus pentoxide, and again dis- 
tilled. Five fractionations were found sufficient to purify the 
propyl acetate, the residues being each time taken as pure 
(except the first two, which were treated as described). The 
total weight of pure propyl acetate was 126°8 grams, or 72 per 
cent. of that taken. (The loss by evaporation would be 
smallest in this case.) 

The esters were then distilled from phosphorus pentoxide, 
and their specific gravities at 0° determined by Sprengel’s 
method as modified by Perkin. The completeness of the 
separation was proved by the close agreement of the results 
with those obtained before mixing, as well as by the identity 
of the boiling-points with those previously determined. 

The specific gravities are given below :— 
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Specific Gravities at 0°. 


Previous After 
Determinations. Fractionation. 

Methyl acetate * (@)......... 95929 95937 
os (Operon. 95934 

Ethyl acetate * (a) ......... 92434 (1) -92438 

x 5 (8) vaissccses 92438 (2) :92437 

Propyl] acetate * (a)......... 91017 91008 
+ A (G) aesstngs 91015 


* Two different samples of each ester had been purified and their 
specific gravities determined. The two results are given in each case, 
in order to show what error of experiment might be expected. The two 
samples of each ester were afterwards mixed together. 


Apart from the comparison of the specific gravity of the 
ethyl acetate before mixing and after fractionation, a proof 
of the purity of this substance is afforded by the agreement 
between the specific gravities of the two samples, since, if the 
separation had been incomplete, one would have been con- 
taminated with methyl acetate, the other with propyl 
acetate. 


Discussion. 


Prof. Ramsay said the paper was a most valuable one, and 
would be a great aid to chemists. Distillations were usually 
carried out by “the rule of thumb,” with the result that 
absolutely pure liquids could rarely be obtained. 

The President inquired whether the curves representing 
the progress of distillation could be constructed from the 
very complete experiments made, and so test the assumed 
law. 

Prof. Young thought this not possible from the numbers 
obtained. To test the law in this way would be very 
laborious. 


> 
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XXX. Note on the Generalizations of Van der Waals 
regarding “ Corresponding” Temperatures, Pressures, and 
Volumes. By Sypyry Youne, D.Sc., F.R.S., Professor of 
Chemistry, University College, Bristol *. 


In a paper read before the Physical Society in November 
1891, and published under the above title in the Philo- 
sophical Magazine for February 1892 (vol. xxxiii. p. 153 ; 
Proc. Phys. Soc. vol. xi. p. 233), the absolute temperatures 
and the molecular volumes (as liquid and saturated vapour) 
of eleven compounds were compared with those of fluorbenzene 
at a series of corresponding pressures. 

It was pointed out, however (p. 155), that a better mode 
of procedure in many respects would have been to give the 
temperatures, pressures, and volumes of each of the twelve 
substances in terms of its critical constants; but as the 
critical volumes of several of the compounds had not been 
directly determined, and as none of them were known with 
accuracy, the method had to be abandoned. 

Since then it has been shown by M. Mathias that the 
critical densities—and therefore the volumes—may be deter- 
mined with great accuracy by the method of Cailletet and 
Mathias, and as the values calculated by M. Mathias differed 


Critical Molecular Critical Molecular 
Volume. Volume. 
Substance. SSS Substance, 

Old. | Corrected. Old. | Corrected. 
Fluorbenzene........ ....| 270°4| 2705 _|| Stannic chloride | 349°3| 350-4 
Chlorobenzene ........| 806:°5] _305:7 || Hther............... 280°7| 281-4 
Bromobenzene ......... 822°4| 321°4 || Acetic acid......... 170°3} + 170°5 
Todobenzene ............ 848°4| 347:9 || Methyl alcohol...| 1180] 1180 
Benzene .5..-.5-.2000s000- 256'3| 2563 Ethyl alcohol ...| 1669] 166-9 
Carbon tetrachloride. | 2761] 2756 Propyl alcohol ...| 2176] 217-6 


very slightly from those obtained independently by the same 
method by myself, I accepted these values as correct (Phil. 


* Read November 10, 1893, 
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Mag. Dec. 1892). It appears, however, that there were 
a few small errors in the calculations, and I have therefore 
adopted my own values in the tables that follow. The new 
critical molecular volumes and those previously accepted. as 
correct are given above ; it will be seen that the alterations 
are very small. 

The vapour-pressures, molecular volumes, and critical 
constants of ten esters [methyl formate, acetate, propionate, 
butyrate, and isobutyrate ; ethyl formate, acetate, and pro- 
pionate ; propyl formate and acetate] have recently been 
determined by Mr. G. L. Thomas and myself, and the abso- 
lute temperatures, pressures, and volumes of each substance 
have been given in terms of its critical constants (Trans. 
Chem. Soe. Ixiii. p. 1191). 

In order to allow of a comparison being made, pressures 
“* corresponding ”’ with the previous ones (with a few omis- 
sions) were taken, and I now propose to give the absolute 
temperatures and volumes of the substances previously studied 
in terms of their critical constants. As the data for the 
esters are published in full in the Trans. Chem. Soc., it is 
unnecessary to reproduce them here, and it will be sufficient 
to give the extreme values for the ten esters in each case. 

It was pointed out in the earlier paper on this subject 
(Phil. Mag. xxxili. p. 172) that the compounds investigated 
might be arranged in groups, and this is confirmed by the 
method of comparison now adopted. The twenty-two com- 
pounds appear to fall into four chief groups :— 


I. Benzene and its halogen derivatives, carbon tetra- 
chloride, stannic chloride, ether. 
II. The three alcohols (methyl alcohol differing, however, 
considerably from the others). 
III. Acetic acid. 
IV. The ten esters. 


Ratios of Absolute Temperatures at Corresponding Pressures 
to Absolute Critical Temperatures.—The ratios for the com- 
pounds in groups I. are the lowest; those for the esters are 
mostly higher; acetic acid comes next in order; whilst the 
values for the alcohols are much higher than for any of the 
other substances. 
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In the first group the differences are not great, but the 
ratios for benzene and carbon tetrachloride are below, and 
those for stannic chloride and ether at low pressures are 
somewhat above the average. The influence of molecular 
weight and constitution on the ratios for the esters is fully 
discussed in the paper by Mr. Thomas and myself (Trans. 
Chem. Soe. Ixiii. p. 1252), and it will be sufficient here to 
mention that there is a marked rise as the molecular weight 
increases. This is not the case, however, with the ratios of 
the volumes of liquid or of saturated vapour to the critical 
volumes. All the ratios appear to depend to some extent on 
the constitution of the esters. 

Ratios of Volumes of Liquid at Corresponding Pressures to 
Critical Volumes.—The differences in this case are small ; in 
general the ratios for acetic acid are the highest, and those 
for the esters the lowest. At the lowest pressures the values 
for the alcohols are higher than for the esters, but at high 
pressures they are lower than for any of the other substances, 
and this is especially the case with methyl alcohol. 

Ratios of Volumes of Saturated Vapour at Corresponding 
Pressures to Critical Volumes.—The grouping of the com- 
pounds is well seen in this case, the differences being naturally 
most marked at low pressures. Acetic acid stands quite 
alone with the lowest ratios, whilst the alcohols, and especially 
methyl alcohol, have much higher ratios than the other 
compounds. Of the remaining substances the esters have 
higher values than the members of the first group. 

There is little doubt that the low ratios for acetic acid are 
due to the existence of complex molecules in the saturated 
vapour at low temperatures. The densities of the saturated 
vapours of the alcohols, on the other hand, are normal at low 
temperatures, and complex molecules cannot, therefore, be 
present; but there is considerable evidence of their existence 
in the liquid state. 

Ramsay and Shields (Phil. Trans. 1844. p. 647; Trans. 
Chem. Soe. Ixiii. p. 1089) have recently studied the surface- 
energy of a large number of compounds, and have described 
a method by which the molecular complexity of liquids may 
be ascertained. They show that most of the liquids investi- 
gated have the same molecular weight in the liquid as in the 
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gaseous state, but that there is greater molecular complexity 
In the liquid state in the case of the fatty acids and 
alcohols. As regards homologous compounds—both acids and 
alcohols—the complexity diminishes with rise of molecular 
weight, and as regards individual compounds it diminishes 
with rise of temperature; in order of complexity methyl 
alcohol comes next to acetic acid. 

These conclusions, based on totally different considerations, 
agree perfectly with those suggested in this paper and in the 
previous one on the same subject. 

An explanation of the relatively high molecular volumes of 
the saturated vapour of the alcohols at low temperatures 
would be afforded by the assumption that complex molecules 
exist to some extent at the critical points, an assumption 
which is supported by the high critical densities. 

It has been shown (Phil. Mag. Nov. 1890, p. 423) that if 
the generalizations of Van der Waals were strictly true, the 
following relation should be true for all substances :-— 


where v and v!are the molecular volumes of saturated vapour, 
V and V’ those of liquid, and T and T’ the boiling-points on 
the absolute scale of temperature of any two substances at 
corresponding pressures p and p’. This relation should hold 
good at the critical point, or 

EV = constant, 


t 
where P, V, and T are the critical pressure, the critical 
molecular volume, and the absolute critical temperature of any 
substance. As the critical volumes are now known, it is possible 
to test this relation at the critical points of the various com- 


pounds, and the values of i are given in the table below. 


Again, the ratios of the actual to the theoretical density 
(for a perfect gas) at the critical point should be the same 
for all substances if Van der Waals’s generalizations were 
strictly true: these ratios are also given in the table under 

mel 
heading —. 
the heading D 
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Substance, oe a ia Substance. ee = 
Fluorbenzene ...,......55 16390 3°79 Acetic acid ............ 12440 5:00. 
Chlorobenzene ......... 16380 3°77 
Bromobenzene ......+5 16270 3'80 
Todobenzene ...c.seses 16360 3:78 Ns cai 15840 3:93 
Benzene. sensrctusane 16610 3-71 Ethyl formate ......... 15990 3°88 
Carbon tetrachloride... 16940 3°65 Methyl acetate ..... se. 15750 3°94 
Stannicichioridomeeen 16630 3-76 Propyl formate......... 16070 3:87 
Bthore ae eee! 16290 3°83 Ethyl acetate ......... 15780 3:95 

Methyl propionate ... 15920 3°90 
Propyl acetate ......... 15760 3:94 
Methyl alcohol ......... 138750 4°52 Ethyl propionate...... 158380 3°92 
Ethyl alcohol............ 15470 4:02 Methyl butyrate ...... 15900 3°90 
Propyl alcohol ......... 15460 4:02 Methyl isobutyrate ... 16070 3°87 


Here, again, the grouping of the compounds is well 
marked: acetic acid has by far the lowest value of =p~ (and 


the highest density ratio) ; the alcohols come next in order, 
the values for methyl alcohol standing about midway between 
those for the other alcohols and acetic acid; the esters 


agree well together, the values of oS being in every case 


lower than for the members of the first group. 


Discussion. 


Prof. Ramsay was not sure that the existence of complexes 
would alter the molecular volume in the liquid state ; for 
liquids seem very compact. Experiments on the surface- 
energy of liquids had proved that complex molecules do exist 
in the alcohols and acetic acid. Dr. Young’s conclusion 
was, therefore, confirmed by experiments of an entirely 
different nature. 

Prof. Herschel was gratified to see Van der Waals’s theory 
so well borne out in liquids, and hoped to see it extended to 
solids. The recent researches of Prof. Roberts-Austen on 
alloys seemed to point in this direction. 

Mr. Rogers said molecular complexes do exert an influence 
on the properties of substances, as had been shown by Prof. 
Thorpe’s viscosity experiments. Van der Waals’s generali- 
zations should therefore be looked at from a chemical as well 
as from a physical point of view. 
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The President thought the numbers brought forward 
showed fair agreement, especially when it was remembered 
that Van der Waals took no account of the complex mole- 
cules. Contrary to Prof. Ramsay, he would rather expect 
aggregation to affect the molecular volumes in the liquid 
state, for only about one-fifth the space was supposed to be 
occupied by matter. On the other hand, the relatively small 
contraction of liquids on cooling did not support this view. 


XXXI. The Action of Electromagnetic Radiations on Films 
containing Metallic Powders. By Professor G. M. Mincuiy, 
M.A.* 


At the last Edinburgh meeting of the British Association 
attention was directed by Dr. Dawson Turner to a dis- 
covery made by M. EH. Branly, as to the effect produced on a 
glass tube filled with copper filings through the extremities of 
which tube are inserted two wires which dip into the filings 
(without, of course, touching each other inside the tube). The 
filings form, apparently, a continuous column of metal, the 
tube when held up to the light being opaque. Supporting 
the tube in a horizontal, or any other, position, and connect- 
ing its terminal wires with a galvanometer and a voltaic cell 
in a continuous circuit, the chances are that no current what- 
ever will be indicated by the galvanometer. If sucha current 
happens to exist, a very slight tap given to the tube or to its 
support will destroy the conductivity of the column of filings, 
and no current passes. Another such tap will cause the 
column to conduct, and so on. 

At first sight it seems strange that such a metallic column 
should be a non-conductor ; but, of course, when we see the 
result we can admit that the contact between every particle 
and its neighbours is of the microphonic kind, and thus that 
the whole column may be an extremely bad conductor. 

The identity of the state of affairs in the tube with that in 


* Read November 24, 1893. 
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a microphone may be perceived by inserting a telephone in 
the circuit, and then we shall find that slight mechanical dis- 
turbances communicated to the column of filings will be 
accompanied by the rumbling noises which are heard in a 
telephonic circuit which contains a microphone. 

Now the most striking peculiarity of such a column is that, 
while it is in the non-conducting state, if a spark is allowed 
to. pass anywhere in its neighbourhood between the knobs of 
a Leyden jar or the poles of an induction-coil, the waves sent 
out from the spark at once render the column a conductor. 

This experiment was reproduced at the meeting of the 
Physical Society on October 27 by Mr. Croft (antea, p. 418), 
and it at once struck me as bearing a strong resemblance 
to the effects produced by electromagnetic waves on photo- 
electric impulsion-cells. These cells I have already fully 
described (see Phil. Mag. March 1891) ; and in addition to 
what I showed with regard to them, I may here add that the 
effects of the sparks of an induction-coil on an impulsion-cell 
were observed when the cell (enclosed in a dark box) was 
over 140 feet distant from the coil and from everything 
connected with it. Moreover, it was found that, in most 
cases, the power of electromagnetic radiations to change 
the state of the cell from one of insensitiveness to one of 
sensitiveness to light depends on the length of the electro- 
magnetic waves; for, by adding capacity (by means of Leyden 
jars) to the sparking circuit, the waves ceased to affect the 
cell, and, on removing this capacity, their ability to effect 
the change was restored. 

I have always held that this action of the cell is due to a 
rearrangement of the molecules on the sensitized surface of 
the plate in the cell by the electrical disturbances produced 
in the wires connected with its poles, these disturbances being 
due to the radiations emanating from the sparking circuit ; 
and I found that by completely enclosing the cell, together 
with its terminal wires, in a metal box, the ability of the 
radiations to act on the cell was destroyed. 

After having seen the experiment shown by Mr. Croft, I 
filled several glass tubes with the filings of copper, tin, zine, 
bismuth, ony, &e., and found M. Branly’s result in 
every case. It seems to me that if the filings are extremely 


RADIATIONS ON FILMS CONTAINING METALLIC POWDERS. 457 


fine (powders, in fact) the result is much more difficult to 
obtain. Powders used in this way are very great insulators, 
and they must be strongly pressed together by the corks 
which close the glass tubes in order to conduct; but then it 
becomes difficult to alter their conductivity by mechanical 
disturbances. On the other hand, a tube filled with very 
coarse iron filings was found to conduct under all cireum- 
stances ; so that, apparently, the filings must be neither very 
fine nor very coarse. 

As in the case of the impulsion-cells, the effect of the 
electromagnetic disturbances is cut off by completely en- 
closing the tubes and their terminal wires ina metal box. If 
the terminal wires are allowed to project outside the box— 
whether they are connected with the battery and galvano- 
meter or not—the tubes are affected, which clearly shows 
that the result is due to the electrical disturbances set up in 
the leading wires of the tube. 

In order to establish a closer connexion with the impulsion- 
cells, it seemed to me that films containing metallic particles 
almost in mathematical contact, but yet free to undergo very 
minute displacements of rotation, should replace the tubes of 
filings. Accordingly, I have formed such films by im- 
bedding fine metallic powders in layers of gelatine and of 
collodion. The powders which I employ in these films are 
very much finer thun the filings which I have used in the 
glass tubes. 

The media, or bases, in which these powders are embedded 
are (so far as I have gone) gelatine and collodion. 

To form a gelatine film proceed thus :—Pour a very thin 
layer of dissolved gelatine over a glass or ebonite plate ; let 
this layer get almost quite dry ; if it gets quite dry, hold it 
over a beaker of boiling water until it absorbs a sufficient 
quantity of steam to render it very slightly plastic: take a 
test-tube with fine metallic powder immersed in alcohol ; 
shake this up well, and rapidly pour some of it over the 
gelatine surface, securing, to all appearance, both continuity 
and uniformity of the metallic layer. The alcohol soon 
evaporates, leaving the metallic layer embedded in the gela- 
tine, but not wholly sunk below it. 

In the case of a collodion film, the metallic powder is shaken 
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up in a test-tube and then rapidly poured over a glass plate. 
After some time the film dries and peels off the plate. The 
surface of the film which was in contact with the glass is 
the metallic surface sought; the other surface of the film 
probably contains no metallic particles, and is simply a con- 
tinuous surface of dry collodion which is an absolute non- 
conductor. 

If the layer of gelatine above described is too thick, it will 
probably happen that its upper surface (that remote from the 
glass or ebonite plate) does not contain metallic particles, and 
is a non-conductor. In this case, if the film is peeled off the 
plate there remains on the plate a metallic surface which will 
answer our purpose. 

Such a film may now replace the tube of filings in 
M. Branly’s experiment. 

Let ABCD represent the film, L a battery of one or two 
voltaic cells, G a galvanometer, and K a key which can be 
connected with the film by means of the wires s, w, the 


former clamped to the film at a point P, while the latter ends 
in a stout platinum piece the end of which is a round knob 
touching the film at a movable point Q. 

Now it is found that when the contacts are all made no 
current passes, and we have to begin by making the platinum 
knob touch the film very close to P—perhaps 4 millim. 
from P. Still no current passes, even when a spark of an 
induction-coil is allowed to pass a few feet from the film. 
But by touching either of the wires s, w with an electrified 
body (that which I commonly use is a common gas-lighting 
electrical machine), the resistance of the film and the contacts 
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P, Q is overcome, and a strong current is shown by the 
galvanometer. We can now gradually increase the distance 
between P and Q each time that Q is removed from P, the 
wire s or w being touched by the electrified body ; and by 
these successive steps the whole of the film is finally rendered 
conducting. 

The special characteristic of such a film which I wish to 
point out is this: if, while the film is conducting, the current 
is stopped by breaking the contact at Q, the film will be 
found to be a non-conductor if the contact is almost instantly 
re-made at the same point Q ; while, if the contact is broken 
anywhere else in the circuit, as at K, and then re-made, the 
film will still be found to conduct. 

Again, if when the film has been rendered a conductor, the 
circuit is broken at K, and left broken for (apparently) any 
length of time, and then re-made, the film will be found to 
be still a conductor. 

The breaking of the contact at Q is instantly fatal to the 
conductivity of the film, if the film is not many days old ; 
but, after some days, it will be found that on breaking the 
contact at Q and then re-making it, the film remains a con- 
ductor, unless we delay the re-making of the contact for half 
a minute or so. Doubtless this is due to the fact that, as the 
film gets more hard and less plastic, the metallic particles 
find it more difficult to move, by rotation or otherwise, in 
their environment. 

Finally, these films are very much less sensitive to me- 
chanical disturbances given to their supports than the tubes 
of filings. They do not appear to be susceptible to the action 
of heat; but in many instances their conductivity was de- 
stroyed by breathing upon them, or by allowing a stream of 
steam to strike their surfaces, the conductivity being always 
restored by the electromagnetic radiations. The more rapid 
vibrations of light have not produced any effect so far as my 
observations have gone. 

The prime cause of the action is to be sought in the elec- 
trical surgings produced in the leads s and w ; but it is clear 
that the state of affairs at the places P,Q of contact of the 
film with the electrodes is a most important matter. 

It seems clear, therefore, that the sensitized surface in an 
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impulsion-cell has a close analogue in a slightly plastic film 
filled with almost mathematical completeness by fine metallic 
particles. 


DIscussIon. 


The President read a written communication from Prof. 
O. J. Lodge, in which the writer suggested that the pheno- 
mena of the films, and also of Lord Rayleigh’s water-jet 
experiment (in which water drops are caused to coalesce by 
the presence of an electrified body), were due to the range 
of molecular attraction being increased by electric polar- 
ization. 

Mr. Blakesley said he had tried Mr. Croft’s experiments, 
and found that conductivity could be established in a tube 
of filings whilst the circuit was unclosed. Breaking the 
circuit of a transformer or electromagnet would produce con- 
ductivity ; hence he concluded that electric pressure from a 
cell was not essential. Another curious experiment was to put 
the discharging knobs of an electric machine on a photographic 
plate at a distance of a few inches. On turning the machine 
a small spark travels slowly along the plate from the negative 
to the positive knob. On reversing the polarity of the 
machine, the spark travels back along the same path, but if 
the polarity remains unchanged, a second spark usually 
travels along a different path. 

Prof. C. V. Boys asked Prof. Minchin whether the films 
themselves, or the contacts between the electrode and film, 
are made conducting by the sparks. 

Prof. 8. P. Thompson wished to know if ordinary photo- 
graphic dry plates would serve the purpose. 

Mr. Evershed enquired whether the metal used as electrode 
made any difference. 

Prof. Minchin, in his reply, maintained that the phenomena 
were due to electric impulses. He had not tried photographic 
plates, and had always used platinum for his electrodes. 
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XXXII. On the Sudden Acquisition of Conducting-Power by 
a Series of Discrete Metallic Particles. By Prof. OLtver 
J. LopceE*. 


THE recent experiments of Mr. Croft and Prof. Minchin 
remind me of an observation I frequently made when engaged 
with the syntonic arrangement of Leyden-jar circuits, or 
sympathetic electric resonance. I found, if the knobs of 
the receiver were very close together, a weak battery and 
bell being in circuit, that the occurrence of a scintilla at the 
receiver frequently caused the bell to ring for some time, and 
in general to show signs that the knobs were in a state of feebly 
adhesive contact. It was just as if their surface-layers or 
skins had been broken through, or opened out, in such a manner 
as to increase the molecular range of a few of the closest 
superficial molecules and thereby to cause cohesion to set in 
at a distance considerably greater than the ordinary distance. 

A phenomenon which may be similarly caused is that dis- 
covered by Lord Rayleigh, with regard to the effect of electri- 
fied sealing-wax near a vertical water-jet : drops which would 
otherwise have rebounded being thereby caused to cohere. 
And, by the method of two impinging jets, the necessary 
difference of potential was shown to be only a volt or two, 
since a pair of impinging jets ceased to rebound if connected 
to the opposite terminals of a Grove cell. 

Once more, the effect first observed by Mr. Guitard (1850), 
and rediscovered by myself and the late J. W. Clark, con- 
cerning the adhesion of dust-particles or mist-globules in 
electrified air, is but a more violent variety of the same sort 
of effect. And the action of electricity on a steam-jet dis- 
covered by Robert von Helmholtz and afterwards by Shelford 
Bidwell, and worked at by Richarz, Aitken, J. J. Thomson, 
and others, may not be very different. 

Thinking of the Lord Rayleigh variety of experiment as 
in many respects the most definite, it is natural to explain it 
electrolytically as due to the polarization of the water-drops, 


* Read November 24, 1893, as a contribution to the discussion on 
Prof, Minchin’s paper. 
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or the formation in each drop of molecular chains each with 
a negatively charged oxygen atom at its termination on one 
hemisphere and a positively charged hydrogen atom at its 
opposite extremity. 

Such drops then colliding about the region of their poles 
would be attracted not only by their ordinary cohesive forces,. 
but by electrical force also, and thus the effective molecular 
range would be increased and cohesion might set in over an 
unusual distance. 

In some such way I have allowed myself to fancy that the 
adhesion of my knobs might be explained, and I suggest that 
the conductivity of a chain of metallic filings under an electric 
polarising influence may be due to something of the same 
cause. 

That a tap should break the minute points of contact is 
likely enough, though I see no reason why another tap should 
restore communication,—if so it does. 

At the last moment I write this and send it off in the 
hope that it may arrive in time to be read at the Meeting 
as a contribution to the discussion on these interesting 
experiments. 

Noy. 28, 1893. 


XXXII. On the Magnetic Shielding of Concentric Spherical 
Shells. By A. W. Ricxsr, F.RS.* 


SPECIAL interest has of late attached to the problem of 
shielding magnetic forces by means of iron screens, and 
recently the Astronomer Royal has described the arrange- 
ment (designed by Messrs. Johnson and Phillips) by which 
he has protected the absolute magnetic instruments at Green- 
wich from the disturbances due to a dynamo. 

In that case external space was protected against magnetic 
forces produced inside the enclosure. 

The converse arrangement is sometimes adopted, and, as 
in Lord Kelvin’s Marine Galvanometer, instruments are 
enclosed in iron and thus protected against external mag- 
netic influence. 


* Read November 24, 1893. 
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In the particular case when the iron shields are spherical 
shells, the method of attacking the mathematical problem 
involved is well known. Maxwell gives the working in the 
case of an internal space protected by a single shell (Ed. 3, 
vol. ii. p. 59), and also discusses the precisely analogous 
problem of the flow of currents interrupted by shells of dif- 
ferent conductivity from the rest. 

I believe, however, that a number of facts, which are of some 
practical importance, are not generally known, and I propose 
therefore to deal with them in the following paper, ene 
them by numerical examples. 

In the earlier part of the paper the general theory is 
developed, chiefly for the sake of defining the notation used, 
though this course involves some recapitulation from Maxwell. 
The discussion of the best conditions for shielding, with 
which I mainly deal, is, I believe, new. 

The principal point to which attention is directed is the 
calculation of the advantage gained by lamination, z.e. by 
using shields separated by air-gaps, like those employed by 
Mr. Christie, instead of a continuous mass of iron. 

That lamination would be useful might be foreseen by the 
aid of the hydrodynamical analogue to the magnetic field. 

If we suppose sources and sinks of equal power to be 
placed within an enclosure, we may weaken the flow outside, 
either by making the enclosure or part of it very permeable, 
or by making the bounding surface very impermeable. 

In like manner in the magnetic problem there are two ways 
of reducing the internal field, viz. by enclosing the central 
region by shells of greater, or by shells of less, permeability 
than the surrounding space. Although we cannot in practice 
use any material of less permeability than the air, we can 
introduce into an iron shell layers of material less permeable 
than itself. These may tend to reduce the external field by 
preventing as it were the force from penetrating to the 
external shell. 

This analogy has long suggested that laminated shells, in 
which both the permeability of the iron and the relative 
impermeability of other materials are utilized, may be the 
most effective shields; and we are thus led to enquire which 
is the best arrangement that can be made under specified 
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conditions as to the magnitude of the space at our disposal or 
as to the weight of the shielding material used. The answer 
to this question is supplied by the following discussion. 

As the formule are somewhat heavy, I shall for the most 
part confine myself to shells formed of the same material and 
separated by air-gaps. 

The second problem, to the result of which I think it is 
desirable to draw attention, is that which defines the relations 
between the shielding exerted by a number of. concentric 
shells, (1) on external space when the magnetic forces are 
produced within the shells ; and (2) on the enclosed space 
when the magnetic forces are produced outside. A full dis- 
cussion of this is given below. 

The whole of the investigation is subject to three limita- 
tions. I have confined myself:— 

(1) to concentric shells ; 

(2) to cases in which the equipotential surfaces are sur- 
faces of revolution about a line through the common 
centre of the shells ; 

(3) to the case in which the permeability of each shell is 
constant. 

As regards the first two limitations, I think it will be 
seen that the conclusions arrived at are capable of generaliza- 
tion in such a way as to enable a better approach to be made 
to good shielding arrangements than would be the case if the 
results of the discussion in the simple case of spherical shells 
were unknown. ‘The third limitation no doubt affects the 
applicability of the formule to practice. In spite of this, 
however, I venture to think that they afford some useful 
guidance, and that at all events they help to put the practical 
problem in definite terms. 


The Relation between the Shielded and Unshielded Fields when 
the Shielded Space is (1) within, (2) without the Shielding 
Shells. 

Take the common centre of the shells as origin. Let the 
potential within any shell be expanded in terms of zonal 
spherical harmonics, then the terms corresponding to P,, will 
be of the form 


(s+ Bs Py 


yet 1 
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Kach such term can be discussed independently, and it is 
more convenient to make the subscript numbers refer to the 
shell than to the order of the harmonic. 

If, therefore, there are m shells, let the radii of the surfaces 
of separation be ag, a, a, &e. a,,. Then ao is the radius of 
the central space, a;, a,, &c. are the external radii of con- 
secutive shells (see figure). 


Let fo, #4, -..-,, be the permeabilities of the enclosed 
space and of the shells, and for generality let M be the per- 
meability of external space. 

Let the coefficient of P,, in the expansion of the potential 


in the pth shell be 
by +f 


Then at the boundary between the pth and the (p+1)th 
shells (of which the radius is a,) the following conditions 
must be fulfilled: — 


$+, apt = ptl Oo + bo41/a5*?, 
and 


pind ar! — (n+ 1)p,/an*?} 
= Melina et I) Py a/ap ts 
N=(n+1)/n, aeageay), 
we get p+ V,% P41 — Vp 1% =; 
and Lf, —Np,2,.V My si P p41 + Noy 41% Wp 41 = 9: 


If we suppose, for the sake of symmetry, and without refer- 
ence for the moment to the expression of physical facts, that 
the coefficients of P,, in the potentials in the central enclosed 
space and in external space are 


dor + pofert! and Br +W/yr*} 


or if we write 
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respectively, we have in all 2m+4 quantities to deal with, 
and since the m shells have m+1 bounding surfaces, there 
are 2m+2 equations between them, all of which are linear 
and of the types given above. 

We thus get a series of equations as follows :— 


® =F Va, et Pn err WinFn = 0. q 
M® f+ MNWa,, Hin Pin ag M,N a, =0. 


mm 


Pn 4e Vin%n—1 a Pn—1 = Vin n—1 = 0. 
Pin Pin fas PN Wn Xn = sae Ein —1Pn—1 + fin Noe =0: 

&e., &e. (1) 
ot Wo — bi — Pia =0. 
Pah, — beN roa — Mihi + Nya =0. 
fi + Wie — po — Po% =0. | 
Pdi — MaN pie — Popo + MoN por =0. J 


In the case of shielding an enclosed space the potential of 
the inducing forces can be expanded within and in the neigh- 
bourhood of the shells in terms of positive powers of 7, and 
since the potential of the induced magnetization must be 
finite when r=0, this also is included in dy. Hence 
4y=0. In external space the expansion of the potential 
contains both positive and negative terms, the former due 
to the inducing, and the latter to the induced magnetization. 

As the inducing forces are given ® is known. 

As Wo=0 and @ is given, the number of unknowns is 
reduced by 2 and is equal to the number of the equations. 

If, on the other hand, the inducing forces are produced in 
the central space within the shell, their potential must be 
expanded in inverse powers of 7 if the series is to be conver- 
gent at the boundary of the enclosure and beyond it. Hence 
vv) is known. In external space the terms due both to the 
induced and inducing magnetizations are expressed in nega- 
tive powers, and are included in VW. Thus ®=0O, 

Now ¢,/® is the ratio of the shielded to the unshielded 
field in the first case, in so far as it depends on the potential 
term under consideration, and V/yy is the corresponding 
quantity when the forces are produced within the shell. 

The relation between these may now be found. 
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Putting w)=0 and writing A for the determinant formed 
by the coefficients of the ¢’s and wW’s in the above equations, 


except those which occur in the first and last columns, we 
have :— 


tee 0 Ges, <a) en oe eens 0 \= dA. 
| M, =—MNZa fas) Pa Nenj iors «ae 0 
0, 0, 1, Sle re area 0 
0, 0, Ti ge 1 el (2 se re 0) 
0, 0, 0, Oneetete saree —4, 
0, 0, 0, Ue eae 4 oe py Nay 
0, 0, 0, Onis). cetd gers ato 
0, 0, 0, 0, . — py Nay 


This may be written 
®a,, | M, M, INE eee 0 


=¢,A; 
M | M, —MN, a fs Rarer 0 $0 
0, 0, | be aaa re’ 0 
0, 0, 0, a ees —p,Nay 
whence, by subtracting the first from the second row, 
Da, | M, M, a8 AR, ee ree Oe toy, $A 
BED Deo M (NED) be Mpeg vcore soured RN Bc 
0, 0, Leto ee io 0 
0, 0, 0,... —MmNay 
2. —Pa,(N+ 1)M 45 Biarig keehe a Sa eee 0 = yAc 
i, Nan ee 0 


CRC On ee 


Proceeding in the same way with the new determinant, 
we finally get :— 


{—(N 41)" Damamei s+. A Mbinflm—1 s+ +» My = oA. 
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Next, putting ®=0, we get in like manner 
VA = {-(N+ Ly nt see AoMmPm—l+++> PaboWo ; 


ior eae 

OM pho 
Hence if M=po, 7.¢. if the permeabilities of the enclosed and 
the external space are the same, the ratios of the shielded to 
the unshielded fields are the same for each harmonic term 
whether the shielded field be external or internal. 

The most interesting application of this proposition is to the 
first harmonic term, =~ 

In this case the ¢, and © are coefficients of terms of the 
form rP,, that is the field is uniform; and Wo and V are 
coeflicients of terms of the form P,/7?, that is, the field is pro- 
duced by a small magnet placed at the centre of the shells. 

Hence the shielding effect on external space when a small 
magnet is placed at the centre of the shells is the same as the 
shielding effect on the enclosed space when the shells are 
placed in a uniform field. 

In what follows I shall for the most part suppose that the 
magnetic forces are produced within the shells; but the 
above result enables the conclusions arrived at to be applied 
to the case of shielding against external forces. 


(1) Case of a Single Shell when the Permeabilities of the 
Internal and External Space are Unity. 


This case is well known, but may be included for the sake 
of completeness. 
Since “4)>=M=1, the equations (1) reduce to 


oF ee Dae 

Madi— Nua, + Na = 0, 

fo + Por bi-— Vix = 0, 
ho—Napo— bagi t+ Nears = 0. 


Hence V/, is the ratio of the shielded to the unshielded 
potential or, since this ratio is everywhere constant, that of 
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the shielded to the unshielded field, in so far as it depends on 
the term under consideration, is 


apy (N + 1)? (2) 
(Nu +1)(N+pi)ao—Ney(uy—1)* * 


If the unshielded field is due to a small magnet placed at 
the centre of the sphere, the only term in the expression for 
f enol. 

he potential is AP, /®. 


Hence 
n=1, N=(nt+l)/n=2, q=areD=as*, ke, 
Then the above ratio becomes 


Dery" Hs = Day" oa 
(24, +1) (2+ oy)aP—2 (uy —1 Pay? Gay" + 2 (uy — 1)? (4? — ay") 


If wy, is so great thata small integer may be neglected with 
regard to it, this reduces to 


9 aa 7 


3 32 
2p My —% 


but this approximate form is only valid if a, and ap are not 
nearly equal. 

It will be observed that the shielding depends only on the 
ratio of a: a, and not on the absolute dimensions. 

If the shell is thin, let ay=a,;—t. Then, if squares and 
higher powers of ¢ are neglected, 


ve = Byaz 
— ae te they ee ° 
Me 3p t 2(4,—1)’— 
1 
If wy is not large this may be written 


YU t? <4 
Wo 3h4 mo 
If py, is large it becomes 
La aie dees 
ole gt ale 
u 4 BM My 


VOL, XII. 21 


470 PROF. A. W. RUCKER ON THE MAGNETIC 


In this approximation we have neglected terms of the 
order p,t?/a;’._ The expression 


ee 1 Zane 
Vo = eae ay 
is only valid if terms of the order w,2t?/a,? are negligible ; and 
as pl, is by supposition large, they may be very much greater 
than those which have already been rejected. 
As an example, if t/a;=0°01, the ratio of the shielded to 
the unshielded field is 3/13 if 4;=500, and 3/23 if 4,=1000. 
The following Table of Values is calculated for cases in 
which @,—dp is not small, on the assumption that ~,=1000. 
The corresponding numbers can be obtained in any other case 
when #, is large by remembering that the ratio under inves- 
tigation varies inversely as 4. 


| y/a,. W/ho- 
0-9 1/60 
08 1/108 
07 1/146 
06 1/174 
05 1/194 


This table illustrates the difficulty of improving the 
shielding by increasing the thickness of a shield already 
moderately thick. When the latter is increased in the ratio 
5:1, and the internal empty space is reduced sixfold, the 
shielded field is only reduced in the ratio of about 1: 3. 

In general, if the volume of the material employed in a 
shell is seven times that of the internal spherical space the 
external field will be reduced to 1/100, 1/200, or 1/300 of 
its unshielded value, according as the permeability of the 
material is 500, 1000, or 1500. 

Next consider the case of a small magnet placed at a 
distance b from the centre of the shell. 

If the axis of the magnet lies on a diameter, and if the 
moment is ,, the unshielded potential is 


P, 2P,b  3P,0? P,,b"-2 
Volt Ge tort bet Et het, 


where 7 is measured from the centre of the sphere. 
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To find the potential in the shielded field, we must multiply 
each term in the expression by the corresponding value of 


oop (N + 1)? 
(Nye + LN + 1) a — Ney (uy — 1)” 


which may be called the shielding factor. 
If the shell is thin, so that aj=a,—t, where ¢ is small, this 
factor (remembering that a=a>@"+)) becomes 


ay?” **uy(N + 1)? 
ay”, (N a 1)? + (2n a 1) N(wy—1)?a,?"¢ 


ae (Qn+1) mn 
(22+ 1)uyt+n(n+1) (pu, —1)2t/ay? 


which, if 4; is large, simplifies to 
2n+1 
2nt+1+n(n+1)uyt/a, 


Calling these shielding factors 8,, S,, &c., the unshielded 
and shielded forces in the direction of the radius are given by 


Ob g 93 4/SP 0" 
ay (EE THE) 


7 1s 


and by 
=o 


respectively. 

If we consider any point on the diameter on which the 
axis of the magnet lies and on the side towards which it is 
moved, all the P’s are equal to unity. 

The larger b becomes, the more important are the terms 
in which the shielding factors S,, 8; are small, and the more 
efficient is the shielding. The total force is, however, in- 
creased, as all these terms are added to the first. In other 
words, the force is increased owing to the approach of the 
magnet to the point considered, and it is only the addition 
to its original value which is better shielded. The average 
shielding is improved, but the force is increased. 

The converse statement holds good for the side from which 
the magnet is moved. In that case the P’s are alternately 

2L2 


¢ € Q 
(ee RU ee St 4 bo. | 


7 ig 
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—land +1, the shielding is less efficient, but the force is 
diminished. 

It may be worth while to illustrate this by a numerical 
example. Let the magnet be placed on a diameter at a 
distance from the centre = half the external radius ; and let 
the forces be calculated at points on the same diameter, the 
distances of which from the exterior of the shell are also half 
the external radius. 


vee b=a,/2, r=3a,/2. 


Let the thickness of the shield be 0°01 of the radius, so- 
that t/a;=0°01, and let the permeability be 500. 
The unshielded force is :— 


~% {0°593 P, +0°593 P,+0°395 P;+0:219 P,+0°100 P; 

: +0:051 P, +0023 P, +0:010 Ps + &e.}. 

Multiplying each term by the corresponding shielding 
factor, the shielded force is :— 
—¥ 19-137 Py £0-085 P,+0-041 P;+0-018 P, +0008 P, 

* 4.0008 P,+0:0011 P, + 0:0004 P,}. 
The true values of the unshielded forces are 

— Ary /ay? and Qro/ (2a)? =0°25ypro/ay?. 

The above series gives 

—1:994o/ay> and 0:248yy/a,°, 


which proves that the number of terms taken gives results 
sufficiently approximate for the purpose of illustration. 
The corresponding values of the shielded forces are 


—0:294Yo/ay> and 0:081yrp/a,’. 


These conclusions may be summed up as follows :— 

Let A and B be the two external points, and let A be that 
towards which the magnetis moved. Then we get the results 
given in the following table :— 
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| Numbers proportional 


Position of Magnet. USO Ratio. 


Unshielded. Shielded. 


ff Gomtire Reecwsessceanier sseeencit 0°593 at 0137 | 0:28 
| A&B | 
Halfway between centre Data =| 0-294 | 0-15 
and outer boundary of | 
shell, | 0:25 at B | 0-081 | 0:33, 


Case of Two or Three Concentric Shells of the same 
Permeability separated by Atr-Gaps. 


In the case of three shells there are twelve simultaneous 
equations, and we finally get :— 


W [En (924 — Fete) orye%4(or4 —a%5) (4g — ag) a 
+ En (7o%2 — Ears )otger (9 — 1) (%y — as) | 
+ En(na;— Fas) a9%3( a) — a4) (%— as) stn OS 
+ a1213 (Ears — ets) (Ea, — as) (Ea — 1) ] 
= Prope %g27304(N +1)%u?, 
where £=(Nuw+1)(N+ pz) and n=N(u—1)’. 


This reduces to the case of two shells if we put any two 
consecutive «’s equal to each other ; and it will be found that 
in all these cases the expression assumes the same form. 

If a,=a;, remembering that §-yn=p(N+1)’, 


W{—Ena, (ag a) (a — ag) + a (Eta — arg) (Fee) — nat) 


= YPraqa%qe(N + 1)! - 4 
=) Dany. 
Then 
gy te 
wh Ny = {Ena2(y— a3) — Noy (Ea —nas) lay etodlar, 
0 


t+ {= Enaryety (a — 43) + 21"( Ea — 043) arog > (5) 
at Ena? (a— a) — naras( E 4 — at) \ axgat dary 


+ { =F a12(%) — 0%) + or (Ee) — 1%) bayayaydarg. ) 
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As a, and a3 do not occur in the coefficients of day and 
da, respectively, it is evident that no particular values of 
either these quantities give a maximum or minimum value of 
W when the other three ’s are arbitrarily selected. 

Again, the coefficient of da) may be written 


10%" at{ Oty (Fata — Fas) — ay (Ea2—as) }. 
Now a)<a, and since § is >y, 


Ea — Eas is < Ea.—nag. 


Hence this expression is always negative, 7. e. V diminishes 
as a increases, that is as the radius a diminishes. 

Thus adding the permeable material within the shell so as 
to reduce the internal cavity always improves the shielding. 

In like manner, by discussing the coefficient of daz, it may 
be shown that an improvement is always effected by increasing 
the external diameter. 

If, however, the smallest and largest radii are given, V 
may be a maximum or minimum if the coefficients of da, and 
da, vanish ; 7. e. if 


oe = E at 0%q (A — a3) 
fa— Nog 
and 
2 = 21%s (Eto a) 
E(a— a) 

Let us first suppose that a is also given, z. e. that the dimen- 
sions of the inner shell are fixed, then the equations enable 
us to determine the effect of adding another external shell 
of which the outer radius is also given. 

We may first suppose the external shell to be of vanishing 
thickness, in which case «,=a3,and then allow a, to increase, 
a. e. the inner radius of the outer shell (a) to diminish. 

If 2,=a; the coefficient of da, is negative, for a;<a, and 
E(a%— a) < Fay — 14. 

Hence the addition of a thin external shell reduces V, 2. e. 
improves the shielding. 

This improvement will reach a maximum when 


oe 


2% (Fao — M1) , 
2 


4 (2% — a) 


2) 
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but in order that this may correspond to a physical reality we 
must have 
A> Ag > as. 


The first of these inequalities when combined with the above 
equation is equivalent to 


24 E (a1 — a) > a3(Eay— ay). 


As a is >a; and £(a—a,)<£a)—na, this condition may 
be, but is not necessarily, fulfilled. 
The second is equivalent to 


ay (Ea — 1%) > a3E(a — a) ’ 


which is always true. 
Hence we conclude that if the external radius of the outer 
shell is so chosen that 


23 < Oy 


E(a%— a) 

Ea, TH ; 
there will be a maximum value of the shielding, while an air- 
space intervenes between the two shields. There will not bea 
maximum if 3 is greater than this limit. In the case of the 
first harmonic the condition for a maximum becomes 


Eay? —Na° 3 
Az > Ay a | ; 


E( a4? — a) 


where @, a, and a; are the radii of the corresponding surfaces. 
If there is such a maximum it is evident that for some 
thickness of the external shell less than that which gives the 
best result the shielding must be the same as if the whole of 
the air-gap were filled. 

To find this value of a, we have to put a=a, in the 
expression for V, and equate the result to the value of V 
when a is not=a. 

Remembering that w(N+1)’?=&—n we get 


Oe 9 


PONG ——7}) ~ = Eats (% — a4) (a — a3) + 0% (Ea —axg) (Eon — Na) 


This leads to a quadratic in a, of which one root must 
evidently be a=. 
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The other root is 
Fat) 1104 | 
E(a)—a) 

If then we write Il=(£a)—mna)/£(%—a,), where I is a 
function only of the dimensions of the inner shell, of the 
permeability of the material and of the order of the harmonic 
term considered, we have reached the following conclusions. 

If a,l>a,, the shielding improves continuously as the 
thickness of the external shell increases from without inwards. 

If asl<a,, the shielding at first improves and then 
deteriorates as the thickness increases. 

When «,=a;1, the shielding is the same as when the 
whole of the space between the shells is filled, ze. as when 
Oy = Oy. 

When a,?=a,a3I, the shielding is a maximum, after which 
it diminishes until a=a}. 

In the particular case when the maximum shielding is 
equal to that when the hollow space is just filled, the con- 
ditions a=a3,l and a”=a,a;1 must be simultaneously 
fulfilled. Hence a,=a, and there is only one maximum, 
which occurs when the hollow space is just filled. 

This can only be the case when 


Ag = 43 


a= a= 21 03 (Eau) — 1%) 
‘ E(a— a) 


Fa? — an (Ea + Nas) + Fayag=0. 
It may be worth while to give a numerical example to 
illustrate these results. 
Let the small magnet be placed in the centre. Then the 
only harmonic term is that for which n=1 and N=2, 


Let 


2. @., When 


Hy = 8x3 = 2a, 


Ze é. dg = 2a and ay =1'260ap. 
Let ree ON 
Then 


E=(Nyu +1) (N+) =1008 x 508, 

n=N(u—1)?=2 x 500? =E nearly ;sx 
or to a closer approximation, 

n=£(1—0°009). 


SHIELDING OF CONCENTRIC SPHERICAL SHELLS. 


Hence 


Noe 


E (a) —a) 


+=1+0:009. 
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By substituting in (4) we get the values of V/yry) given in 
The volumes 
are expressed in terms of the space enclosed by the innermost 


the following table for different values of ap. 


surface. 
Volume of 
Total 

a,= = outer | W/o. 

2 2 shell. Volume Wo 

a,=a,/8. G,=24p. 0 1:00 0-018 
1:009a,=0°1261a,. | 0:997a,=1:994a,. 0:07 1:07 0:0102 
8a,/2=3a,/16. 0-873a,=1-746a,. 2°66 3°66 0:0007 
2a,=a,/4. 0°794a,=1°588a,. 4:00 5:00 0:0006 
8a,=3a,/8. 06934, =1'°386a). 5'33 6:33 0:0009 
a,=4a,=a,/2. 0°630a, = 1'260a,. 6:00 7:00 0:0102 


Turning next to the case when a and a, both vary, we 
may determine the maximum shielding for given external 


and internal radii. 

The conditions to be fulfilled are: 

_ Eatyay( ag —2a3) + on (Eaty —7Nas) —0 (6) 
bay” (a9 — a) — 014 043( Fay) — 90% ) =0 
Adding these we get either 
42) = Oy or Ay Hy = A030 

The first has reference only to the point at which the 
maximum value is equal to that produced when all the space 
between the shells is filled. 

The latter leads to the equation 


Fag? (atg —2a3)— at" Oty Eaty —na3) =0. 


This equation is a biquadratic in a. 

Since the expression is positive when 4=—o and nega- 
tive when a,=a;3, there is at least one real root <a3, with 
which, since a >a3, we are not concerned. 
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As regards roots >as3, it is evident, since the whole ex- 
pression is positive when a,= ,that there is at least one real 
positive root >a3. Also, as £a,—na3 is positive, that there 
can only be one positive root > a3. 

This root must be <a, 2. @. SINCE aa =aA19%g, ato” < a1yHg3 2. e. 
the expression must be positive when a,’=agaz. 

This is equivalent to the condition 


E n/a Vay— Vas) > Vas(E Vao— a3): 
AS ay>as and § Va—§& Va; <& ay—9 Vas, 


this equality may be, but is not necessarily, satisfied. 
Before discussing these equations further, it is convenient 
to modify their form. 


Let 
ngs n= &(1—e); le 
Then from (6), 
MA—1)—LA—-1+6)=0,... . (7) 
and from (4), 
eH w?(N+1)?L é 
Vivo = eruais <p b= (scene ak 
or from (7), 
“ we(N+ 1)4L? zm 1222 
YMo= gx 17 LO} ~ R=Iw—-LO-gp ©) 
since w(N+1)?=&—n=eé. 


In equation (8) VY becomes infinite when X=1 and when 
M=L(1—e). 

The first of these assumptions is inconsistent with equa- 
tion (7), and by substituting from 4=L(1—e) in (7) we get 


(A= 1+ ¢)?= —e(1—e), 


which is only possible if either e or 1—e is negative, which 
they can never be, as § is always >y, and 7 and & are always 
positive. 

In the case when the permeability is very great, £=n=Np? 
nearly and e may be neglected in equation (7),so that = L. 
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If, however, A—1 is very small, z.e. if the shells are very 
thin, the term in e may be comparable with the others, and 
the approximation is not legitimate. In cases where it may 
be applied we get from equation (8) the very simple result 


meNG es Le 
V/ho = Cr (N=1)° = (ARS 


In this case also the four quantities a, a, a, a3 are in 
Geometrical Progression. 
If a, =a, a/a3=d? =L, so that (7) reduces to 


(o/L— 1) =6 me cho ek a QD 
of which the root greater than unity is f/L=1+4+ We. 

This furnishes a limit below which the equations do not 
apply. 

Below the limiting case lamination must be disadvan- 
tageous. 

If we remove a thin slice either from the exterior or from 
the interior surface of a single shell, the shielding power is 
impaired; and if the shielding does not attain a maximum 
when this spherical crack is supposed to traverse the shell 
from inside to outside, it must always be less than if there is 
no crack. 

Next, comparing the shielding effect of a single shell with 
that of a double shell of which the innermost and outermost 
radii are the same as that of the single shell, if we write in 
equation (2) «3 for a, and put »=&(1—e), we find by com- 
paring with (4) that the single shell will shield best if 

ty € 261306” 
ay — 43(1—e) ee (1 — €) a (@— a) (4 — ag) + a | —013(1—e) } {my — a (1—e)}’ 


which reduces to 
ae 1) (2 iss 1) Ze 
As ay : 


Now if we diminish a, 7. e. increase the outer radius of 
the inner shell, a)/a, is increased; and in like manner by 
diminishing the inner radius of the outer shell a/as is in- 
creased. Hence the largest value of the left-hand side of the 
inequality is attained when «=a, so that if a/a;=),, and 
Goa, =A, A= L. 
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Thus 
H=hNeD =(2-1)a- 1), 


of which the largest value is ( /L—1)?. 
If ¢ is greater than ( 4/L—1)?, lamination is injurious, the 
limit thus fixed being the same as that previously found. 
Above this limit, if for a given a and a, we choose a and 


a» so that 
GaAs 


the two shells will shield better than one, 7. ¢. better than if 
the whole of the space between the innermost and outermost 
surfaces were filled with the permeable material. 

It of course follows a fortéor? that the best arrangement of 
the two shells will, under these circumstances, give better 
results than the single shell, a conclusion which can be verified 


directly. 
For we must by (8) and (2) have 
L?¢? zs Le 
(Aa=—1?{-F—-L—e)} ~ L—G—e)’ 
where 


M(A—1)—L(A—1 + €) =0. 
Eliminating L, the inequality becomes 
(1—e)fe—(A—1)?? > 0. 
which, since ¢ is always positive and <1, must always be true. 
At the limiting point the curves which give the relations 
between L and the W’s for one and two shells respectively 


touch each other, 
For, as in the case of a single shell, 


ee eL 
A) = le), 
Tod Ves e(1—e) 


od {L—(1=e)}?" 
At the limiting point L = (1+ Ve); 
pf fav Le 
0 


dl 4(14 re) 
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In the case of two shells we have from (7) 
dr 
dl 
and since at the limiting point ?=L=(1+ Ve)’, 


) 


{A2(44—3) —L} —" = rv-1 +e, 


dy 1 
dL 4(1+ Ve)’ 


Also from (8), 


ak: ede 2 Le? . L’e?(1—e) 
od — Al w—L—e} t WLP 
yy ae } Lee? dy 
cea M—L(1—e) J A—1)7/\4—L(1—6)} dL’ 
and if we substitute in this the values of A, L, and da/dL 
proper to the limiting point, we get 
1dv_ ss 1- Ve 
pod 4(1+ We)’ 
which is the same as the value obtained in the case of the 
single shell. 
The shielding factor in the limiting case is obtained by 
putting ®=L=(1+ ve)? in (8), or in the corresponding 
expression for a single shell. In either case 


Y _ ve(lt+ Ve). 


Yo 2 


Sie HN 
E (Nw +1)(N+p) 


which increases with N, 7. e. with (n+1)/n, and therefore 
diminishes as increases, the thickness of the shell at the 
limit is less for the higher harmonic terms, but the shielding 
at the limit is better. 

If » is so large, however, that we may write 


_ (N41)? __ (2n+1)? 
S="Ne  n(n+1)p’ 
the limiting thicknesses and the shielding factors for the 


Since 


c= 
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principal harmonic terms vary very slowly. If »=400 we 
get :— 


i= a, /4)= 
ee © | 4a) (+ Wet. | Soe 
1. | 0112 1223 | 1069 | 058 
2. | 0104 1214 | 1-067 056 
3. | 0102 1212 | 1066 | -055 


Thus the limiting thickness in the case of the first three 
harmonic terms varies only from 6°9 per cent. to 6°6 per cent. 
of the radius, and the shielding factor from 058 to °055. 

If there are three concentric shells, by differentiating the 
expression for VY in equation (3) we get 


Ddv > 
bee (N +1) SoppOby et othgaty 
= [Enayas(o4— Gs) 190% (ig —~ tg) — ary (aq — Ears) } 


oF [ nas(& 4— 4s) { (Fa,— nas) a? —&. hj Ala( hy —<az) } ; 
+ Ema4(24— a5){ (140 — Bs) 49% "01 *(4g—a3)}] 
ag [nas( Eo, — a5) | — (Ea — 190%) ory03 + Berg” (oxy — a) } 
+ Ears (ag —a5){ (Ea — Na) 2143 — 49" (a4 — a) }] — 
+ [eeg? (Eary + pets) {ary (Fey — 9041) — Feta ax) — 221) 
+ Emargeeg(a%g — a5) {1949 (49) — 4) — 2 (Ear) — na) } ] = 
+ [ma (Ee%9— a1) { Fr4?(%2— a3) — ag005( Ear, — arg) } 
+ Enatg( a1) — a4) { (Exs— 2a Jot” + 1904305 aig — as) } ] = 
+ [0% (Eauy — x1) { Ferg (ag — arg) + 025( Eero — 77015) } 
te Eno( a — a) { (1% — Eas )oug— (a — 3) Og } ] das. 


+ aos (Ea, — ars) { Ears (a — a3) — ay (Fag — Nas) $] 
| (10) 


We note that in this, as in the previous case, there can be 
no maximum or minimum if a or «; are independent 
variables. 
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Further, writing the coefficient of day in the form 


ocr,( Eorg a Eas) {na (%—a3) —a (Naq— Eas) } 
AH (Ea, a na) {ay (Ea, = a3) ex £a.(a, a a3) by 


if we remember that the a’s diminish from a to a; and that 
Eis > y, it is easy to see that the coefficient is the difference 
of two positive quantities of which the second is the larger. 


F 
e Fa,— as >Fa,—Ea; 
and 


{a (Fa,— nas) — Fao( a2 — as) — {2 (%—4a3) —a9(Na2—Fas)} 
= (E—7)a,(a—29), 


which is positive. 

Hence the whole coefficient is negative, or V diminishes as 
a increases, 7.¢. as the radius a diminishes. Thus, as we 
should expect, we obtain the same result as before, viz., that 
the reduction of the radius of the innermost surface always 
improves the shielding. In like manner if a; increases the 
shielding improves. 


Let us now suppose, as before, that the outermost and 
innermost radii are given. The best arrangement is then 
found by equating the coefficients of da, da,, and das, and 
da, to zero. 

By eliminating the terms in a, and a; from the first pair, 
and also from the second pair of these equations, we get 


Cages (cy — arg) { Ear (Hy — a) 9 — ay” (Eay—na,)$=0 . (11) 
and 
a3 (ay — as) {&y (%—%) 009° + (Fay — 10%) "0t4" es 
—§ (Fay — a a9 (a9 +43) (%—%,)=0 . (12) 


In the cross multiplications by which these equations are 


obtained, we assume a,—2;=40. 
If a,)=a, or a=a; two of the shells are fused into one. 


Putting this case aside and substituting for (Ea) —)/(%—a%) 
in the second equation from the first we get 


4b ( Eat) — 12) — Eayar3(a@y— a) =0. 
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Hence and from (11), 


Eay— Noy _ gy 
Ea (a—oy) tg my? ) 
30 = Be Sirs ek: et ee (14) 


Again equating the coefficient of da; to zero, substituting 
for (a%)—ya,)/(a%—a,), rearranging the terms, and sub- 
stituting again, we get 


yh 2 
Eau Ns ess md =} by (14), ay (15) 


ne ae 
Fag (a14— a5) ary" a%g 
Next, equating the coefficient of da, to zero, we get 
0, 
Fog” — 1 cb30r5 2 y Faye Ea. 
a4” — dads a3 ay— ay Oty 


This again reduces to 


Cb, pa 
h = a ee by (18),. . (16) 


A305, Ti E (@— a) es 
Again, since a,’=a30, 
dg0ty (Eary— Nats) = Eayay(ay— ag). . . (17) 
ute 


agcts( Fay — Nay) = Fay? (%— ar), 
or 


Ec1y (ce3%5 — a4”) = 04 ( Norg005— Earg”). 
Multiplying this by (17) and putting a,”?=a;a,, 
ars (Eoy— ats) (3%5 — a4) = 014 (a4 — a5) (Na1ga43—Ear,”), 
"(a3 a4) {gers (Eay — 1015) — Earg” (ay —a%5) $ =0. 


If a3=a, the problem is reduced to the case of two shells. 
If as Firs, 


Ea, — nos ms oy 


& (a4 — a5) 4 305, 3) 


Hence the equations (13), (15), (16), and (18) finally 
reduce to 


Forma _ AsO _ yeh _ a? _ yey (19) 
E(a%—a) HX a,” aay Mag 


It must be remembered that in obtaining these equations 
we have thrown out the alternative cases where any two con- 
secutive values of « become identical; 7.¢. cases in which 
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the three shells become two, either by fusion or by the dis- 
pearance of one. 

Thus the solution for the case of two shells is contained 
in the general equations for three shells, but the equality of 
the above groups of ratios holds good only when there are 
three. 

It remains to assure ourselves that in the case of three 
shells all the variables give minima simultaneously. 

Thus, considering the coefficient of da, the coefficient 
of a,” is 

nats (Ear4— a5) (Ferg — 1043) 
— nats (Ear — Eats) (arg — 1013). 

Comparing these term by term, we see that the terms are 
either equal or are less in the second expression. Hence 
the coefficient of a,* is positive. If, then, a is a little less 
than the critical value, the coefficient of da, must be negative. 
Hence, as a, increases up to the critical value VY diminishes, 
2. e. the critical value of a, corresponds to a minimum. 

The other coefficients if treated in the same way lead to 
the same conclusion. We may now proceed to put equation 
(19) into the simplest form for calculation. 


Since 
Gg & 
a3 a ag 
i Ge % —  & , %4__% 
PETE eA VRE ES ME oem Re 
0305 Ag a3 Os Oy 
and since 
Ahoy eye - ag ay 
a? Cegces? ie Oy ats” 


so that we have three independent equations, viz., 


dle 

ee r say, 
and . gore oeonge O80) 

eo 8 hes Mays a 

Oy tg ‘ae 
together with 

(GLANSEN— PNG. O. OR 

also 


“0 _2\/3=L say as before, 
as 
VOL. XII. 2M 
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So that equation (21) becomes 
(ny) dee ee 
(A—1+e) L3= (A—1)AS. 2... (22) 


If N=1 all the shells fuse into one (without passing 
through the intermediate stage of two shells). In this case 
V=L. 

Substituting in (22) we get 


( VL—1)?=e, 


which is the same as (9). 

Thus the ratio of the outermost to the innermost radius 
below is the same for two and for three shells. 

The maxima of advantage in the two cases are independent, 
and to determine between them their magnitudes must be 
compared. 

Substituting in (3) from equation (20) and simplifying by 
means of (22), we finally get 

Vv e Li 
vw (A—1!fAs—LA(1—e)}? a 
where \ is given by equation (22). 
In the limiting case when ?=L=(1+ #/e)?, 


or 


VAo= Bee iS) 


which is, as it should be, the same as the value obtained by 
inserting the same values of X and L in the corresponding 
expression for two shells. When ¢ is negligible as compared 
with A and L we get from (22) =L, and from (28) 


AY aedek Cs eA. oe CNee De L 


we (VERT B= Ne * CERI 
If we take the numbers before employed, viz. :— 
#=501, a =8a;,, N=?, 
we have N= 7W§ = 1516; 


pA Ee. — 5 — 0:0001 
oe 5008 a a 6. 


SHIELDING OF CONCENTRIC SPHERICAL SHELLS, 487 


The results so far obtained in the special case to which 
numerical calculation has been applied may be summed up as 
follows, the arrangement being the best in each case :— 


Volume of External 
Material used. Field. 
Single shell ............ 10 0-018 
Pworshellsssscccccsmees 5:0 0:0006 
I Three shellsc.e. 2 case. 48 0:00016 
Singloe'shells Cyi.ccseaces 70 0:0102 


The great advantage of the lamination of the shielding 
material is here well exhibited. 

As the external field varies slowly in the neighbourhood of 
the minimum, a considerable economy of material may be 
effected without much sacrifice of efficiency. Thus, in the 
case of two shells, we have seen that whereas to secure the 
minimum external field (0:0006 of the unshielded field) the 
volume of the material used must (in the case considered) be 
five times the internal volume, a practically identical result 
(0°0007) can be obtained by the use of a volume 3°66, while an 
efficiency four times greater can be obtained by a volume 4°8. 


Best arrangement in the form of Two Shells separated by an 
Air-gap when the innermost radius and the volume of the 
material are given. 


So far I have supposed that both the innermost and outer- 
most radii are given. 

It is evident that we may reduce the number of the inde« 
pendent variables, and I now proceed to discuss two problems 
which might occur in practice. The enunciation of the first 
of these is given above. | 

In neither case is the solution very simple, and I therefore 
confine myself to the case of two shells when the magnet is in 
the centre. In this case a,=1/a,> &e., so that the condition 
that the volume shall be constant is 
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Hence 
day day 


Substituting for da, in equation (5), and remembering that 
dayj=0, we get as the conditions for a critical value 


Fatg (ay — 241) {2t9” — 4g” — 01063( A — a3) (Eag— 7a) = 0) (24) 
and 
{ — Enayay (aga) + ay" (Eota — Naz) fry 
+ {Enarg? (ay — 2) —aya3(Eay—m)}ag=0. . . (25) 
From the first of these we get 
(26) 


(Fay —Hay)aya3 = Fay (a% — a) (Ag+ a5). 
Substituting for Ea)—na, in (25), 


(Eag—na3)a,> = Fay {ajay (%—az) + aga (%— a) }, 


multiply by «, and subtract, 


ay” (aos re 1a) = ah — Bey (a ia as) 
+ (%— ay) (412g + A1a3 — Ag0t3 \ } 3 


ay (agaes — OL Otg ) = A,%3 (a = ay) ‘ 


or O%3 (Cy — Ag) = 42g (ay— ay). . (27) 
= find Nl endl a 
As ag ay a oe R 
or 
(a — ag) gay — (cy — ag )a%garg = eee 
oe Dy (20 : 
M ( F Chydty fap—a3— (ce —a%9) } fe aa 
aya = = er re (28) 
Hence as 
n= 90-9) 


By combining this with (27), 
a (1-2) + +2 = Aja%3 (-f B) ; . (29) 
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also from (26) and (28), 


Ea, 


(Ea)—na)a, = R (a +3), 


and substituting for #, from (29), and dividing by a, 
this becomes 


{er} fo(i-8) C-)} 


faa { 2-2 — "ee ee) 


The coefficient of 2;4 in this expression is negative when 
a=—O, 

It is positive when a;=0, and negative when a;=00. 

Hence the equation has a positive root. In order that the 
solution may be applicable, this root must be such that 


i 1 t 


a3 Zap 


#.e. the space enclosed between the inner boundary of the 
inner shell and the outer boundary of the outer one must be 
greater than the volume of the material used. The change 
in the sign of the expression from positive to negative as 
a, increases must therefore take place when 

pte Pat 

Gg. Wy ALY 


if it 1 
satae We 


Now equation (30) may be thrown into the form 


fon, 2)f9(L_1) 4 24(L_1)} 
as +h) D\a, nt R a, R 


€ “(= -2) ee () 
Rag As R TRY # 
and puttin 
P 2 1 1 1 
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the left-hand side becomes 


1a Shy { E—n % 
lat a) Vee aan 
Hence the condition that there shall be an arrangement 
which gives a minimum external field is that 
e.CE= Ys ou 
R > ete y) tees werCy | tao ke Qutl@+p Qt) 
If we confine ourselves to the case of a small magnet in 
the centre of the shell: in the limiting case 


ey Eat ee 
re l+s +e, 
as against L = (1+,/e)’, 


obtained when the internal and external radii were given, 
If w is nearly equal to unity, this reduces to 
1. 1 
> 5 
1K ao 
i, @, there will be no “ best arrangement” unless the volume 
of the shielding material exceeds the volume of the space 
enclosed. If w is very large, the expression becomes 


i > ut x a9 
R ay 2p 
Thus, if w= 500, 5 > 
0 


There will be no “ best arrangement” unless the volume of 
the shielding material is greater than (in round numbers) 
one hundreth of the volume enclosed; 2.e. unless it is more 
than sufficient to form a shell the thickness of which is 
= 0-003 of the radius. 

In this case therefore, as in that in which the radius of the 
outer surface was given, if very thin shells are used, lamination 
is injurious. The higher the permeability the smaller is the 
lower limit of thickness above which lamination is useful. If 


the permeability is great, the limit is i xradius. If we put 
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in equation (29), we get a =a, %.e. the thickness of the 
external shell vanishes in the limiting case. 

I now proceed to give some numerical examples of the 
application of these formule. Equation (30) is troublesome, 
but when yp is large so that £ and 7 are nearly equal it may 
be simplified. 

It then reduces to 


i pe 8 ee Pe eee ee | if 
eGR) Mar (aR) al, tl) “B= Os BD 
We have already seen that when the radius of the outer 
shell is twice the smallest radius, the best result is obtained 
when the volume of the shells is five times the volume of the 
space enclosed by the smaller shell. 
' The above equation may be used to determine whether a 
still better arrangement is possible with the same volume of 
material, if we suppose the radius of the external surface 
variable. 
If a=1, 1/R=5, and equation (31) is found to have a 
root such that 


1/az; = 9°5 nearly. 
This gives Cs 
dg = VID = 2118; 


and, as in the previous calculation we assumed a,;=2, it is 
evident that the two critical points nearly coincide. 
In this case we get 


&, = a (1—a,/R) = 9/19, 
from @ = 18/101; 


The magnitude of the shielded field is practically the same 
as before. 

It must be remembered that neither the equation in a3 nor 
the ratio V/y, are valid when & is put =y if the shells are 
thin or (which amounts to the same thing) if R is large. 

The best method of dealing with the problem is, then, as 
follows :— 

Write E = 7(1+e), 


where ¢ is so small that terms in ¢ may be neglected, unless 
divided by a small quantity. 
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Then equation (30) may be written 


(1+ S){at—-p) + BG, eS 
— “(2-5 ) (+) R= 0. 


The terms in e may therefore be neglected unless R/a; is 
large. 

As an example, let R=10, 7. e. let the volume of the metal 
be one tenth of the volume of the enclosure. 

If then, as before, we take w=501, a=1, 


—&=7(14+0°009) and ¢=0:009. 


If we neglect all the terms in e we get 


i ay A BY 
2) 
Hence eR/a; = 11953, 


which cannot be neglected when compared with unity. 
Taking this term into account, 
NP ess. 

As the radii vary inversely as the cube roots of the «’s, the 
two values of the external radius are 1°233 and 1:294. As 
the shielding varies slowly when near a minimum value, as 
the outer shell is displaced outward, it is probable that no 
very grave error would be introduced even in this case by the 
use of the approximate equation. The error would, how- 
ever, increase rapidly as the volume of material employed 
diminished. 

Using the more correct value we get 


a= a( 1-8) =1—0-0533 = 0:9467, 


eo ite: — +2 ,2sr0-1-21-s75 ose oat 
my 


as ay Xo 


Hence we haye for the best arrangement, 
a3=0°5333, a=0°5461, a,=0°9467, a,=1, 
or @g=1'233,  a=1'223, a=1:018, a=1. 


It will be convenient to throw equation (4) into a form 
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suitable for calculation When the shells are thin and the 
permeability is great. 
With the same notation as that just employed it becomes 


V (a, a) — a) (@—ag) { -atai(1+ ; ae =) (1+ =) } 
— Yenmas(N+1)f | 


N?u? 
which, in the case under consideration, leads to the result 


By (2), if the same amount of material were concentrated 
in a single shell, we should have 


In this case therefore the advantage of the best arrange- 
ment is much less than if a larger amount of material were 
used. 

No very great disadvantage is entailed in such a case if 
the outer shell be outside its best position, as, if we take 
1/a,=3, we get 

V/y,=0:069, 


which does not differ very much from the minimum value. 


Case of Two Shells when the largest and smallest radii and the 
volume of the material used are given. 


In this case da,=da,=0, and as before 


d 
a9 ay P 
where, since a; and a are given, p is a known quantity. 
Hence substituting from 


dag _ im : 
a in (5) 
we get 


[En{ 6 10t9(a, + a) ay atts, = 1° 0,723 | (a = as) = 0, 


U] 
or Og” (ay — ty) — 90? = — z Oty 700g. 
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1 _p+% 
But ee 
p?(%—%) par _ Nas 
(ptm)? pty SS 
2 
Roe 
z Ota = paras 


whence @ is known. 
In the case when pw is so great that § may be taken =7, 
this becomes 
(p +2 )?(p —as) =p? (% +p). 
If the given volume is very nearly =47r(a3’—a,°), 1/p is 
small. 
In this case the solution reduces to 


2a, — %3 = Ea, 


+ 
or a) = A 
If w is large, this becomes 
ant Soe, = 5(5 =) 
pes Pee Gy DD NG ara 


Hence, if the external and internal radii are given, the 
best position for a narrow crack within the shell is such 
that the volume it encloses is the harmonic mean of the 


volumes enclosed by the inner and outer surfaces of the 
shell respectively. 


Case of Two contiguous Shells of different Permeabilities. 


It is evident that the question as to the best arrangement 
of two shells of different permeabilities cannot be very defi- 
nitely answered. 

If the dimensions of the shells are variable, the more of 
the more permeable material we use, the more complete will 
be the shielding. 

If, however, the dimensions of the shells are fixed, under 
certain circumstances (such as when its thickness is much 
the greater) it will be better to make the outer shell of the - 
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more permeable material, while under other conditions the 
reverse arrangement may be best. 

Though the problem is not of any great practical interest, 
it may be worth while to indicate the mode of solution. 

Let »=“3=1, and let the permeabilities of the two shells 
be wand yw. Then we get 


e — aN (Nyy + fe) (M2 —1) (4-1) — any” N (N + pl) (41 — He) (“4 — 1) 
+ cxyet (Nyy + 1) N (Ho 1) (Gy — pe) + xp (Npe + 1) (N + poo) (Neto + #1) 
= Y%m (N +1) "paper. 
Hence, if VY, and WV, be the external potential when the 
permeability of the external shell is uw, and p, respectively, 
we get, by exchanging the positions of the symbols ~, and pe 
in the above expression and subtracting, 


1 1 
paes(N +1) { g — y, } 


= (M1 — Me) [—a?N {2pm + (N —1) (41 +42) —2N} 
— % (% + a) NCN —1) (ug—1) (4-1) 
+ anetyN { 2Nuyog— (N—1) (4, + Hz) —2} J 
Hence the exchange of materials causes no difference if either 
#44 =p or if the second factor on the right-hand side vanishes. 
If both the shells are thin let ag=a,;+t,, and ay=a,—bo, 
where the squares of t, and t, may be neglected. 


Then 
on t 
ag = (4 + ty) “Or aS 1—(2n+1) an \ 


=, t 
nz (a, Pay 414 n+ 1h. 


Substituting these approximate values, the second factor 
becomes 
— (2n+1)N(N +1) (tnt2—1) (t2—-t0)/u, 
which proves that, as we should expect, if the shells are thin 
the order of their arrangement is indifferent. 


_ Case of Three Shells of different Permeabilities. 


The general relation between VY and yy) when an internal 
space of permeability 4) is surrounded by three concentric 
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spherical shells of permeabilities ;, #2, #3, and when the 
permeability of external space is p4, is 

afr oc%o% Ha + Mop Mobi N + ye 

= 0449043 (tg — fg) (Mo — fer) (No + Ms) (Noa + 2) 
+ aya"N(Npig + fs) (Ho — Ms) (Mo— #1) (Noa + He) 
+ a1y7c3N? (03 — fag) (tog — fs) (Ma — M2) (lo — #1) 
+ ay7agN (Nog + Ms) (Nog + M2) (Hi — M2) (Ho— #4) 
+ cxgargargN (Ng + fag) (Nita + Ho) (3 — Ma) (Ha — M2) 
target? N (Ng +s) (Noi + Mo) (Hes) (41 — He) 
+ cxyer%gN (Ny + or) (Noy + M0) (3 — #4) (42 — Hs) 
t eegeeyat> (Np + fo) (Nyy + or) (Nos + He) (Nog + Hs). 

If now we put py ="¢.=",4=1, this reduces to the case of 
two concentric shells of permeabilities 4, and pu; respectively 
in air and separated by an air-gap. The equation then becomes 

Wrororme + Mifls(N + 1)*/P 

= — aa ¢3N (u3—1) (u,—1)(N +43) (Ne +L) 
+ etyar9°N (N + bs) (Hs—1) (41-1) (Ne + 1) 
+ a%7a3N? (43—1)? (uy —1)? 
—a*a.N (N + p43) (Nuss +1) (41-1)? 
+ atgetgat3N (N + fs) (Noi +1) (43-1) (4-1) 
— a%y°N(N + 3) (Nea + 1) (¥3—1) (1-1) 
—apaa3N (N + 1) (Nw, +1) (u3—1)? 

$+ a4yctyaty (Nyy +1) (N +1) (Nog t1)(N +p). 


If we write 
&j=(Nui+1)(N+m), &=(Ne3+1)(N+us), 
m=N(m—1)?, 3=N(p;—1)?, 


P=N(u3—1)(H1-1)(N +p) Nea +1), 
the equation reduces to 
Pore eopbios(N + 1)“ 
= yj (E 3% — N3ats) (é 1% — 1%) — Pay (a aes a) (a con Gg) 3 


which, if we proceed to put “,;=3, further reduces to the 
expression previously obtained. 
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Differentiating, 
Dav | ) 
Pobites(N + 1)* 
= { Pagar (a2 — 23) — pay" (Esa. — 302g) }orygdany \ (32) 


+ { — Parga (a2 a3) + 101? Ega2— 3%) farpagdary 
+ { Parg? (ay — a) —gary043(F 1%) — 910%) faye dary 
+4 —Pay(a,— a) + ay (Ey% — 12%) baxpayagdlarg. 
If the inner shell and the external radius are given, the 
best value of a? is deduced from the equation 


Pe te SS 
Ay — Ay 


(F 1% —7%). 


Comparing this with equation (6) we see that the new 
value of «, is greater than that obtained when the permea- 
bility of the external shell is the same as that of the inner 


one if 
3/P > 1/& ; 


t.@, if (Ms—1)(N+m) > (41-1) (N +45), 
t.@, if p3> My. 


In like manner, if the outer shell and the internal radius 
of the inner shell are given, the best arrangement requires 
that 
oe Paget (ag — a3) 

mi ( E3%—130%3)’ 
which is greater than the corresponding value when the 
permeabilities of the shells are the same as that of the inner 


ay 


shell if 
eee ae EN 
MF 3% — N3%3) £1 ag— a3” 
PIGy if a€,(P—7&s) a 3m(P—&m3). 
But 


P—ms=N (u1—-1)(N +H) (N+1)(4s-m), 
P—&3=N(w3—1) (Ne +1)(N +1) (4-H) 5 
and therefore the two sides of the inequality are always of 
opposite signs. 
Hence, if the permeability of the outer shell is increased, 
the values of «and a corresponding to the best arrangement 
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under the circumstances supposed increase, 7. ¢., the outer 
shell increases and the inner shell diminishes in thickness. 

In the case, therefore, of material such as iron, if the field 
within the outer shell is such that the permeability of the 
outer shell is the greater (which will generally be the case 
when the enclosed space is protected), it will be better to 
make the external shell relatively thicker than the above 
calculation would indicate. Conversely, if the inner shell 
has the higher permeability its thickness should be increased. 

There is no difficulty in eliminating a and a, in turn from 
the relations obtained by equating the coefficients of da, and 
da, in (82) to zero, and thus finding the best values in any 
given case for which the equations can be solved by trial. 


Summary. 

Inconclusion it isperhaps desirable tosummarize the principal 
results of the foregoing discussion. In doing so I shall con- 
fine myself exclusively to the corresponding cases of a small 
magnet placed in the centre of the shells, and of shells placed 
in a uniform field, and thus the interpretation of the symbols 
is valid for these cases only. 

The results depend upon two quantities, viz., the ratio of 
the outermost to the innermost radius of the series of shells. 
In the paper the cube of this quantity is indicated by the 
symbol L=a/a,=a,°/a)’, where n refers to the outermost 
surface. 

The other quantity ¢ is a function of the permeability, In 
the cases which I am now considering, 


— EP ies roximatel 
~ Bat T+) ~ Bu"PP Z 
when wu is large. 
If we suppose the innermost radius of the shells (a) to be 
fixed, and the thickness of the space utilized for shielding to 
increase gradually from zero to a thickness ¢, the material 


employed is most efficient if fashioned in the form of a single 
shell until 


t 1 3 : 
a =(1+¢)?—-1l= Da approximately, 


if w is large. 
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After that the material will be better employed if we divide 
it into separated shells ; but the result obtained by the best use 
of the given quantity of material can be still further improved 
by filling up the space between the shells with more of the 
material, provided the thickness of the whole shell occupied 
by the shielding machinery is less than the value given by 


torr? Ve) ene 
if w is large. 


After this limit is passed it becomes positively injurious to 
fill the whole of the shielding space with the permeable 
material. 

Better results can always be obtained by two shells with 
the same internal and external radii. 

If the ratio of these radii (a3/aj= “L) is given, the best 
arrangement of two shells is defined by the equations 


a ee =}, 
a, ao / 
where A is given by the equation 
M(A—1)—L(A—1+6)=0. 


The best arrangement for three shells, if the ratio of the 
innermost and outermost radii is given (a;/a= WL), is de- 
fined by the equations: 


dg Ag A ‘ 


where A is defined by the equation 
M(A—1)—L3(A—1+6) =0. 


In both cases, when the permeability is great the best 
arrangement is that in which the radii of the successive 
bounding surfaces of the shells are in Geometrical Pro- 


gression. 
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The ratio of the shielded to the unshielded field when the 
best arrangement is adopted is 
Le? Lie 
and = —_____—_,_—___— 
(A—1)4714—Ll=e)} (~—1)*{a? —L3(1—e)} 
for two and three shells respectively, X being in each case 
determined from the equation given above as appropriate to 
that case. | 

When the permeability is great and the shells are not very 
thin, these expressions become 

Le? xd pie duet 
GUE ie wae eae 

The conditions for the best arrangement in the form of 
two shells, when (1) the innermost radius and the total volume 
of the permeable material, and (2) the innermost and outer- 
most radii and the total volume of permeable material are 
given, are less symmetrical but are set forth above. 

In any case of an arrangement in the form of two shells of 
materials of different permeability, in order to obtain the best 
result, the thickness of the shell formed of the more permeable 
material should be greater, and that of the shell of less per- 
meable material should be less than is given by the above 
rules. 

The equations are obtained by which the best arrangement 
can be calculated, if the permeabilities and external and 

internal radii are given. 


respectively. 


Discussion. 


Prof. Minchin said the mathematical results were very 
simply expressed. Although the work was apparently 
restricted to zonal spherical harmonics, some of the important 
formule apply equally to general spherical harmonics. Re- 
ferring to the difficulty of shielding by single thick shells, 
he pointed out that the equation giving the relation between 
the shielded and the unshielded fields with different thick- 
nesses of shell represented a hyperbola with its asymptotes 
parallel to the axes; hence the shielding tended to a definite 
limit as the thickness increased indefinitely. . 

Mr. Evershed said he had been engaged for the last two 
years on the subject of magnetic shielding with a view to 
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screening measuring instruments from external fields. In 
such cases it was not possible to use closed shells, and this 
introduced trouble. The best result he had yet obtained was 
to reduce the disturbance to about one-fifth. Another 
difficulty was introduced by the fact of the shield being 
magnetized by the current passing through the coil, and 
owing to hysteresis, the permeability was different according 
as the magnetization increased or decreased. By using an 
outer iron shell a great improvement had been effected. To 
obtain the best results it was important to have no joints in 
the shields. A coil frame with two shields of bent iron was 
exhibited. 

Mr. J. Swinburne remarked that the subject divided itself 
into two: shielding instruments and shielding sources. Ifa 
dynamo itself be shielded, this did not prevent the currents 
in the leads producing magnetic disturbances. This was 
very important in ships. By using an alternator with re- 
volving fields all disturbances could be avoided. 

Dr. C. V. Burton enquired whether, by considering the 
hydrodynamical analogue of a porous material, the case of 
perforated shells could be elucidated. 

Mr. A. P. Trotter wished to know if the homogeneity of 
the shield was of much consequence. At Oxford it had been 
found that a screen of four inches of scrap iron was better 
than boiler-plate. 

Mr. Blakesley asked if the effect of moving a magnet 
sideways in a sphere had been observed. He thought the 
mathematics developed in the paper would be useful in 
working out the magnetic theory of the earth. 

Prof. 8. P. Thompson thought that taking the permeability 
as constant would not be quite correct, for ~ was a function 
of the magnetization. Hence in the cases considered the 
outer shell would be the more permeable. 

In his reply the President said scrap iron in contact was 
not like clear space, for there were comparatively free paths 
for the induction at the points of contact. As regards the 
shielding of the dynamo at Greenwich, Mr. Christie had 
written to say that the credit was due to the makers of the 
machine and shields, Messrs. Johnson and Phillips. 
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XXXIV. Calculation of the Magnetic Field of a Current 
running in a Cylindrical Coil. By Professor G. M. 
Mincurn, 1.A.* 


Ler there be a series of very close circular currents run- 
ning in the same sense and lying on a right cylinder of 
radius a whose axis is OO! (fig. 1), and let it be required 
to find the magnetic potential of this system at any point, P, 
in space. 

Replace each of these circular currents by its equivalent 
magnetic shell, which we shall take as a uniform circular 
plate coinciding with the aperture of the circle. Supposing 
the currents to circulate in the sense ACB, the upper surface 
of each plate (as seen in the figure) will be positive and the 
lower negative. ach circle being touched all round by the 
one below it, the negative surface of any plate will coincide 


Fig. 1. 


with the positive of the one next below it; so that we shall 
be left with a terminal positive plate, ACB, and a terminal 
negative plate, A’O'B’, as the approximate equivalent of the 


* Read December 8, 1893. 
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given coil of wire. We shall now calculate the potential 
produced at any point, P, by a uniform thin plate repre- 
sented by AQB (fig. 2), the surface-density of attracting 
matter on this plate being m. 


Fig. 2. 


Of course it is well known that this potential can be ex- 
hibited by a series of Zonal Harmonics proceeding by powers, 


positive or negative, of the ratio ee where O is the centre 


of the plate and aits radius, according as P is near O or 
distant from it ; but when OP is not very much greater or 
very much less than a, the series is inconvenient, owing to the 
enormous number of terms that have to be taken to give a 
good approximation. 

Hence we shall not use Spherical Harmonics. 

Let PN be the perpendicular on the plate from P; let 
AB be the diameter in which it is cut by the plane through 
the axis of the plate and P; let Q, S be two very close 
points on the circumference, NQ making the angle @ with 
NA. Then we shall suppose the plate broken up into tri- 
angular strips such as QNS, and calculate the potential of 
each strip at P. 

Let L be any point on NQ, let NL=€ ; then the poten- 
‘ . medédd EdE 
tial of the element mEdédé@ at P is Lp? mde We 
where PN=z. If NQ=7 we find by integration that the 
potential produced by the strip QNS is 


mdO(Vri+z—z), .- . +. , (1) 
and the potential, V, of the whole plate is 


Imi (VP+P—z)dd.. . . . . (2) 
2n 2 
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Now if, as in the figure, the point N falls within the plate, 
the limits of @ are 0 and 7; if N falls on the edge of the 


plate, at B, the limits are 0 and S ; and if it falls outside the 


plate, the limits are 0 and 0. Taking @ as the independent 
variable would, then, give us three different expressions for V, 
according to the position of N ; and hence we must choose a 
more convenient variable than 6. Let ¢ be the angle QOA, 
and change the expression (2) into one in which ¢ is the 
independent variable. We shall then have 


asin 


ex alta+2aacosp; tanO =e: 


so that 
Vion "Va +2? +2*+2ax cos 6— 
5 a’ +u*+2ax cos p 


“(a +2 cos h)dd ; 


or if we put D=a?+ 2?+2ax cos ¢, 


V cae aed paar 
a ra 
Geer 7 /24D 4 a —xz? 

2 ig Fa me 

= \'vi +Dd¢$+ (a a) p 46-2), (1+ D )ag. 
Now 

(=a) | = TT ; 

so that 
\ 


—= —2nst| V2+Ddp+ (tat) | A® df 
i) 0 D 


m 
WEY oe ete s dh 
=— —? 2 Dd 2 m2 SSS SSS 
met |W + Ddd+(a | VaeD 


oe he a 
= (C— a? a) ee 
—- U6 erreurs 
Again, if we put 6=2, we have 
D = (a+ 2)?—4ax sin? o ; 
and if the distances PA, PB are denoted by p, p’, respectively, 
we have 
daw = p?—p!? 
so that a 
2+) = p?—(p?—p?) sin? o. 
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12 


a PET ALE MON A eer oe 
aa =3; Awo= V71—K*sin?o. . (4) 


Then (3) becomes 


—2nr2-+2pH+= (oe eee ete Site ats Be 

p atx 01 OER 
where E and K are the complete elliptic he, of the 
second and first kinds with modulus &. 

The integral in (5) is the complete elliptic integral of the 
third kind with modulus & and parameter — Cor This 
parameter is numerically greater than the modulus ; and we 
shall find it convenient to convert the integral into one 
in which the parameter is less than the modulus by the 


well-known rule that a function with parameter m can be 


ae . 


2 
converted into one with parameter If the angles PBA 
and PAB are denoted by 6 and 6, respectively, we see that 
2 
n, the parameter in (5), is — soar gii 80 that the new 


parameter will be simply —cos? &. 
Now we have the general result that 


H(n, jan(®, eJ=— t ant (4 Nate NaBn 2) + Kia, 


where ¢ is the amplitude of each of the two functions of the 


third kind (denoted by II), and 2=(L+n)(1+5 ). Hence 


for complete functions (<=3) we have 
k? 0 
—)= —+K. 
ois n(; ) 2 Meu 
j2 2 sy 
a= Hee -o) sin? 6/= (ae 
so that 


n1(— ie \= T PAt# 1K _TT(—cos? 6), - . (6) 


cos? 6! 22a-« 


But here 
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and (5) becomes 


Vv a—Z 2a—x aA 
— =—7z — .K—2— II(—cos? 6’, k). (7 
mm parents 3 AA oes, ms p ate See ee 

This expression holds without ambiguity for all positions of 
the point P, and it shows that for all points 


Vv 

on the axis, OV, of the plate, . tle —2)s sel ce 
h dicular through B, Sinn (9) 

on the perpendicular throug ese p ‘oman wile 

P a j 

in the plane, between O and B, . ~ 2pH +2p'K, . (10) 


; Vs ; 
in the plane, beyond B, . . . — = 2pH—2p ir Ey 


so that the points, occupying any of these positions, at which 
V has any assigned value can be easily found. Thus, to find 


the point on OV at which = has the value C, we have for 
this point 

Pr ee as 
C 
on’ 
a right line, meeting VO produced in O!; then the perpen- 
dicular to AO! at its middle point meets OV in the required 
point. 

Now every complete elliptic integral of the third kind 
can be expressed in terms of complete and incomplete 
functions of the first and second kinds. Thus, for a 
complete function with the parameter —m it is known 
that, if we put m= —k’? sin® ¢, 


Hence draw below AB, parallel to it and at the distance 


Toe ee 7 +KK,— KE, EK’ |, (12) 


K? sin € cos a3 
where 4, stands for /1—k? sin? e, and Kt, BE. stand 
for incomplete functions of the first and second kinds with 
modulus #' and amplitude e. 
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In the present case, 
' ‘ ! 
sin 0 
m=cos?6', =P =; 
ep sin®@ 
‘6 O, and 


5 6! 
II (—cos? 6’, k) =K+ ae ond ea aN Gat KE— ux, 7 (3) 


2 
so that (7) becomes 
V >. 
pape 2{KEot+ EK,—KK,—7} +pHi+p' cos 8 cos 0. K. (14) 


It is evident that we may define the position of any point, 


P, in the plane of the figure by means of the two coordinates 
kand @. Thus we have 


or 2a 
he A, +k’ cos 6’ 
cos 6’ = Ay, 
epee p>. 
Hence 
V a 


{E+# sin 6 (KE) +EK,—KKy—7) 
+i cos. KA}}. . (15) 


This, then, is the expression for the potential at any point 
in terms of the coordinates (4, @) of the point. In par- 
ticular, it gives the value (9) for any point on the per- 
pendicular through B to the plate, since for such a point 


dm faNy +! cos @ 


p=5, and then the coefficient of k/sin 6 within the brackets 
is equal to — oo by Legendre’s well-known relation between 


the complete complementary functions, viz., 
KE’ +EK’—KK'=5, 


whatever the modulus & may be. 

From (14) we can derive an expression for the conical 
angle subtended at any point, P, in space by a circle, 2. ¢., for 
the magnetic potential due to a current coinciding with the 
circle. It is well known that this conical angle is numerically 
equal to the component of the attraction, perpendicular to the 
plate, at P due to a uniform circular plate coinciding with the 
aperture of the circle—a result which is evident from the 
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principle that the current can be replaced by a magnetic 
shell, or thin plate, the upper and lower surfaces of which 
are, of course, of opposite signs. But the resultant potential 
of these two indefinitely close plates is the difference between 
the value of V in (14) and the value which (14) assumes when 


z+Az is substituted for ¢; that is, the magnetic potential at 


P due to the current is — a . Az, and the strength of the 


magnetic shell is m. Az, which is 7, the current in the circle ; 
so that the magnetic potential is 7 multiplied by minus the 
differential coefficient of the right-hand side of (14) with 
respect to 2. 

Denote the function 7+ KK’—KE',— EK, by the symbol 
A,, and for simplicity in the differentiation with respect to z 
(@ being constant) write (14) in the form 


Vas 2 oe 
Im ot PE + (4 rae eee) 
Now 
pl I 72 

ey ef eT ade sei 

ia p dz (17) 
OD. Wey ke en Oa 

qe ah sin 9 ; de = F908 9 


and, regarding P as determined by the coordinates (2, «) 
instead of (k, @), we have 


d_dk dao a 
dz dz: dk Uz. de" 


but 
dA. K—Esin @cos0 
dk k a 
dX _ Kk’ sin? @—E 
dd A’, ; 
therefore 
dA 


1 
ae a Eup? cos 0, 


d : 
and we find apo! the right-hand side of (16) equal to 
—A,+#'K sin @; so that if O is the conical angle subtended 
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at Phy the circle, or the magnetic potential per unit current 
in the circle, we have the very simple expression 
= 2A 2h sin’. SS es) 
Again, supposing that the depth, OO’ (fig. 1), of a coil con- 
sisting of a single series of circular currents is small com- 
pared with the distance of the point P from any part of it, 
the two terminal plates, ACB, A'C'B! may be considered as 
close together, and the potential of the coil at P is the value 
ot V in (16) minus the value obtained by putting z+h for z, 
where h=OO!. Hence the potential in sucha case is —mhQ, 
i. e@., at any point in space whose distance from every part of a 
coil is great compared with the depth of the coil, the potential ts 
Dah — 1K sin’) ss eee) ee ee (19) 
The modulus & which appears in these equations, being 


IQ. ' 
ee ms *, is constant at all points for which 5 is constant ; 


i. é., at all points on any circle which cuts that described on 
AB as diameter orthogonally. The circles which cut this 
Fig. 3. 


readily drawn by joining A to points, m, n, p, ... (fig. 8) on 
the perpendicular at B to AB, and drawing perpendiculars at 
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m,n, p,... to Am, An, Ap, ...; the points of intersection of 
AB prodiced with these perpeudidalte: are the centres of the 
circles. If O is the centre of the orthogonal circle through 


2 Al 
m, we know that the constant, 1— 22) on this circle is AG? 
z.e., cos*mAB. Hence if mAB=8, we have 
k=cos 8; W=sinB. .-. « ~ (20) 


The field due to the plate AB is most readily mapped out by 
describing a large number of very close circles of the ortho- 
gonal system for a regular gradation of the values mAB, 
nAB, pAB, ...of 8, drawing a line BP in the assigned 
direction 0, and from Legendre’s tables of Elliptic Integrals 
taking out the values of K, H, K,, E,. 

The properties of the orthogonal circies lead to some simple 
results with regard to potentials. Thus, if any line, AP, is 
drawn from A cutting any circle of the series in P and P’, 
the lines joining P and P’ to B are equally inclined to AB, 
1. és,  ABPi=7—@. 

Now if in A, we put +—@ for 0, we have, in virtue of 
Legendre’s relation between complete complementary inte- 
grals, A__,=7—A,, 2. @., 


A. tA=n 2 eee eo 


a—O 


Hence, from (18), if ©, / are the conical angles subtended 
at P, P’ respectively by the circle (or plate) AB, we have 
the remarkable relation 

O04 Ol=2r—4k Ksin 6. 3. = . (22) 


Again, if V, V' are the potentials at P, P’ due to the plate, 
we have from (15) 
Vv Vi 
AP * AP! 
a result which enables us to lay down the field at all points 
to the right of the perpendicular Bp when the field to the 
left of Bp is known. 

Supposing now that instead of a single wire of diameter 
AB, we have a series of wires forming a coil contained be- 
tween the diameter AB and the diameter ST, i. ¢., the breadth 
of the coil is BT or AS ; then in calculating the potential at 


=2m(2H—wk sin@), . . . (23) 
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P we shall have to find the potentials due to a series of cir- 
cular plates, each of surface-density m, and to add these 
potentials together. But observe that the potential at P due 
to any plate, AB, of radius a is of the form 


Mero, C) tei - 5 0's. sow vy Bele) 
where $(k, @) is the coefficient of ain (15), and $(k, 0) is a 
function of @ and 6’, the angles PAB and PBA. Hence if 
we take a plate of radius OQ, and from B draw Bg parallel to 
QP and meeting OP in q, the potential of this plate at P is 
to the potential of the plate AB at g as OQ is to OA; for, if 
AR=BQ, the angles gBA and gAB are equal, respectively, 
to PQR and PRQ. Hence, if r=OQ and ve is the potential 
at q due to the plate AB (of radius a), the resultant potential 
at P due to the series of plates of radii extending from OB to 


OT is 
1 ; 
aw Ve roe ORO nor (ap (25) 


the points g on OP ranging from ¢ to P, where B¢ is parallel 
to: PT: 

Of course any plate of the series may be taken instead of 
AB as the reference plate. 

Thus, the resultant potential, due to all the plates, is calcu- 
lated from values of the potential of any one plate at a series of 
points ranged along the radius vector OP. 

Pass now to the consideration of the practical problem in 
hand, viz., the potential at P due to a coil of depth OO’, z. e., 
we have to consider the whole of the spaces BTT'B! and 
ASSIA’ filled with wire traversed by a current of strength 7. 
We have already seen that we have to subtract from the 
potential at P due to a series of uniform attracting plates, 
each of surface-density m, ranging from the radius OB to the 
radius OT, the potential at P due to the lower series, each of 
surface-density m,and ranging from radius OB! to radius OT’. 
It merely remains to express m in terms of current-density. 
If C is the total quantity of current traversing (at right 
angles to the plane of the paper) a unit area (square centi- 
metre) of the space BTT'B’, the quantity flowing in a filament 
of depth dy and: breadth dr is Cdydr. Now this filament is 
replaced by the magnetic shell of radius r and thickness dy ; 


912 PROF. G. M. MINCHIN ON THE MAGNETIC FIELD 


and since we know that the strength of the shell is equal to 
the current in the filament, we have m .dy=Cdydr, .m=Cdr; 
hence (25) becomes, from (15), 


AC {r.o(k,O)dr, . . . « « (26) 


which is the potential due to the upper series of plates, 
OD a Le 

This quantity may be graphically represented and caleu- 
lated as follows. Let a very close series of curves representing 
a series of constant values of the function $(k,@) for the 
plate AB be drawn; draw OP, and at each point, T, Q, 
...B, of the breadth BT of the coil draw an ordinate, 
Th, Qg,... Bf (fig. 4), equal to the product of x and the 


Fig. 4. 


Soy aoee a 


value of $(k,@) at the corresponding point, t, g,...P, of the 
line OP: these ordinates will form by their extremities a 
curve, hg...f, the area of which multiplied by four times 
the current-density in the space occupied by the coil is the 
potential at P due to the upper series of plates, OB, 
OQ: OT. 

Now if we take the point P, such that PP, is equal and 
parallel to OO', the depth of the coil, the potential at P due 
to the lower series of plates, OB!,... OT’, is equal to that at 
P, due to the upper series. Hence, if A and A, are the areas 
of the curve fg...f and the corresponding curve for the 
point Py, the total potential at P due to the complete coil is 


AQ(A— Aj). 4 a tsice AD 
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The curve hgf passes, of course, through the point O ; and 
when the line OP coincides with the axis, OO', of the coil, 
the curve is an hyperbola ; for, in this case 


db (k, ey= 7. 1—sin 8 


cos@ ”’ 


and r=OP cot @. 

We may, if we please, express 7 in terms of (k,6), and 
draw the curve hgf by a different rule. Thus, 
Ai, +k! cos @ 


f= 5 
V/ (AL —K! cos 6)? + 4h? sin? 


and we can make the ordinate of the curve equal to 
E—# sin @.A,+k'K cos 6. A, 


OP = : 
V (AL —K! cos 0)? + 4k? sin? 6 


Discussion. 


Prof. Perry hoped the work Prof. Minchin had done so 
well for circles and cylinders would be extended to cylindrical 
coils of rectangular cross-section. It was most important 
to be able to find the shape of the field produced by such 
coils. 

Prof. 8. P. Thompson enquired if there was any way of 
deducing the expression for the magnetic force at a point 
other than that given in the paper on the “ Magnetic Field of 
a Circular Current” (antea, p. 204). 

Inreply, Prof. Minchin explained how the formula followed 
at once from the fundamental theorem that magnetic force is 
the cure of the vector potential. This was based on Laplace’s 
expression for the force between a magnetic pole and an 
element of current, which had been proved experimentally. 
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XXXV. A Potentiometer for Alternating Currents. 
By James SwINBURNE™. 


ARGUMENT. 

A direct pressure is balanced against an alternating pressure by means 
of a differential electrometer with single-fibre suspension, a null method 
being employed. An alternating and a direct current are similarly 
compared by means of a differential dynamometer with the controlling 
spring removed. 


One of the chief difficulties in the way of the accurate 
measurement of alternating pressures and currents arises in 
the calibration of the instruments. Some of the alternating- 
current instruments, such as those on the electro-dynamo- 
meter principle, give the same reading whether a direct 
or alternating current is used ; and electrometers and some 
forms of electromagnetic instruments with soft iron cores 
are also adapted equally well for direct and alternating- 
current work. This is not the case, however, with a large 
class of instruments, and the only method at present available 
for calibrating such instruments is comparing them with 
another instrument which has been calibrated by means. of 
a direct current, Such a practice allows errors to creep 
in. No careful electrician would trust to direct-current 
instruments calibrated second-hand, and accuracy is just as 
important in alternating-current work. In addition to this, 
the collection of cells and resistances which are now included 
under the name “potentiometer” is exceedingly useful in 
any laboratory where it can be permanently set up, as it 
measures currents and pressures throughout an enormous 
range with an accuracy that is quite unattainable by means 
of any other forms of voltmeter or ampere-meter. It is 
therefore of the highest scientific importance to be able to 
extend the potentiometer method into alternating-current 
work, so that comparisons can be made directly with a 
standard cell. 

In October 1891} I described two forms of alternating- 


* Read December 8, 1893. 
+ ‘Industries’ October 80, 1891. 
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current so-called ohmmeter. These instruments measured 
either a quantity R such that E?/R was the power when E 
was the effective or virtual pressure, or a quantity 7 such that 
Cr? was the power when O was the virtual or effective current. 
Of course in a circuit with capacity or self-induction, R and r 
are not equal. One form of alternating ohmmeter was elec- 
trostatic, the other electromagnetic. The electrostatic ohm- 
meter can be coupled up in such a way as to compare two 
pressures, and one of these may be alternating and the other 
direct. The electrostatic instrument has the advantage over 
the electromagnetic in requiring only one connexion to the 
moving system, or needle, and that connexion has not to carry 
any appreciable current. The needle may therefore be sus- 
pended by means of a single silk fibre, connexion being made 
through a hanger dipping into water, and this hanger may 
end in a vane to make the instrument dead-beat. As the 
ohmmeter does not need any torsional control, but should be, 
on the contrary, as free as possible, this form of instrument 
can be made exceedingly sensitive. For potentiometer work 
it is best not to use the instrument for giving the ratio of two 
electromotive forces, but to design it as a differential galvano- 
meter which shows whether the pressures are equal or not. 


The disposition of the whole apparatus is shown diagram- 
matically in fig. 1. In this scheme a is a battery maintaining 
a current in the resistance bc, which is regulated by an 
adjustable resistance so that the standard cell e is balanced 
when its contact / is touched down at the mark corresponding 
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to its electromotive force at the temperature at which it 
stands ; # is an alternating dynamo, and h is the alternating 
voltmeter to be calibrated. The differential electrometer is 
connected up as shown. The double fishtail-shaped needle 
is pulled one way by a force varying as the square of the 
direct electromotive force, and the other way by a force vary- 
ing as the square of the alternating pressure. The fishtail 
shape is necessary to ensure that the needle is in stable equi- 
librium when the forces are equal. Fig. 1 is, of course, a 
mere diagram. Resistance-coils for adjustment are left out, 
and bc is shown as a stretched wire, whereas it is made up of 
resistance-coils. As to sensitiveness, it depends on the con- 
struction of the electrometer ; but, as already explained, there 
is no controlling force except that due to the suspending fibre. 
Take as an example an instrument that will indicate one volt 
when there is no pressure on the other side: it will admit of 
the comparison of two pressures of approximately 100 volts 
within one in ten thousand ; and it will serve for comparing 
2000 volts within one in four million. To find the true zero 
of the instrument the four quadrants are connected together. 
The key for making this connexion is not shown. 

One of the great advantages of the potentiometer method 
in direct-current work is the ease with which large currents 
can be measured by the fall of potential over very small 
resistances. As the electrometer must be used idiostatically 
in alternating work it is not sensitive to very small pressures; 
and the method: given is, unfortunately, useful only for 
pressure measurements. Accurate current measurements can 
be taken by the use of a differential dynamometer. This 
instrument has two fixed and one moving coil. The direct. 
circuit is through one fixed and the alternating through the 
other fixed coil, and both circuits are led through the moving 
coil. The controlling spring is removed. This method is 
somewhat more complicated than in the case of pressure, and 
mercury contacts are necessary. The arrangement is shown 
in fig. 2. The battery, a, supplies a direct current, which is 
measured by the fall of potential over the low resistance, b, 
and which passes in one of the fixed coils, ¢, and the moving 
coil, d. The alternating-current circuit is led through the 
circuit, /, whose current is to be measured, and through the 
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other fixed coil, e, and the moving coil, d. There is a slight 
error due to the whole of the alternating circuit being in 
shunt to the moving coil considered as part of the direct- 
current circuit, and vice versé; but this is very minute. If 
cand e are wound close together so that there is no appre- 
ciable time-lag in any current induced in c¢ by e, the small 
error due to the mutual induction of these coils cancels out. 


Fig. 2. 


Of course a double dynamometer might be used, but then 
four mercury connexions are needed. It is not unlikely that 
a method with no mercury contacts can be made available, 
and greater accuracy could then be attained, 


DIscussION, 
Prof. 8. P. Thompson inquired if the fishtail-shaped 


needle of the electrometer was novel. 

Mr. Blakesley said the autbor had mentioned the needle 
previously. He (Mr. Blakesley) thought the name “ poten- 
tiometer” was not very suitable. In effect the so-called 
measurement of pressures was a comparison of two powers. 
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XXXVI. Calculation of the Coefficient of Self-Induction of a 
Circular Current of given Aperture and Cross-Section. By 
Professor G. M. Mincuty, 12.A.* 


Ler ACB (fig. 1) represent a circular wire in which a 
current of strength 7 is circulating ; let O be its centre 
and OV its axis (perpendicular to its plane); let P be any 
point in space and through P describe a circle, PQ, parallel 
to the plane of the current, its centre being V on the axis. 


Fig. 1. 


It is required to calculate the normal flux of magnetic force 
passing through the circle PQ. If VP=a, and the vector 
potential of the current at P is G (this latter being, of course, 
perpendicular to VP and parallel to the plane of the current), 
the component, Z, of the magnetic force at P parallel to OV 
is given by the expression 
hE Moen: 
Lise athe as eT eee 


(See my paper on the “Magnetic Field of a Circular 
Current,” antea, p. 204). This can be written 


—Id(Gz) 
RSS ae > = 1d Sa ee 


* Read December 8, 1893. 
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The function G.x is the same as Stokes’s current function 
which exists for fluid motion which is symmetrical about an 
axis. (See Basset’s ‘Hydrodynamics,’ vol. i. p. 12.) 

Taking a circular strip of radius # and breadth dz at P, 
the flux of force through the strip is 2rZadz, i.e., 


dar AGH) dx. 
dx 


Hence, integrating this from #=0 to «=VP, we find that 
the total normal flux through the circle PQ is the value of 


ati. 


Let fig. 2 represent the cross-sections of the wire at A and 
B in fig. 1 made by a plane through the axis OV, the radius 
of each being ¢c, while the radius, OD, of the central filament 
of the wire is a (as in my paper on the “ Magnetic Field close 
to the Surface of a Wire conveying an Electrical Current,” 
antea, p. 379). 

Then we shall calculate the total normal flux of force through 
any surface which is intersected once in the positive direction by 
every tube of force emanating from the given current. 

This quantity, divided by the current-strength, is the co- 
efficient of self-induction of the current. Taking the general 
case, viz., that in which the current-density at every point in 
the cross-section of the wire varies inversely as the distance 
of this point from the axis OV—we have found (antea, 
p- 398) that at any point, P, close to the wire 


el m e 
Ga=4az 4 7 —1—F08¢ [L-1-Fa] 
1 3e m? m° ~ be? 
+ a[2( pees Re cea 


oe é C 
—cos 26 {LS + com—aat| L@ 


The surface through which we shall take the flux of force 
is that which is represented in section by BJHOFKA, z.e., a 
surface consisting of the upper half portion of the anchor- 
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ring formed by the wire and of its central aperture (which 
latter is a circle whose diameter is FE). Obviously this 
surface is intersected by all the tubes of force. Any surface 
starting from B and going round to A, i.e., any surface 
having the circle of diameter AB for bounding edge, would 
do equally well, so far as the above condition is concerned ; 
but the calculation is simpler for the first. 

The flux through the aperture FH is, then, the value of 
2rG.« at EH, which 1 is obtained by putting m=c, 6=0 in the 
above. 

Thus the flux through the aperture is 


a Pee c 5 
srai {1-2 (L-3) - pee ebtint.. 


To calculate the normal flux through the upper half of the 
anchor-ring, we must take the value of the magnetic potential, 
Q, at any point close to the ring. This is the resultant conical 
angle subtended by the circuit at the point, multiplied by 2; 
and it is therefore (antea, p. 392) given by the equation 


=i { 2n—¢) ) S22 (m nL+ eo = | 8(r— 


— { (6L—-5)m?+e8+ soa bain = _ (6) 


Now the normal force at any point on the anchor-ring is the 


ae GAO & Pas 
yalue of — — with m=c; it is therefore 


dm 
sin C - t 
i{(L— eee + yoy (12L—17) sin 2p. 


{f P is any point on the anchor-ring, the distance of P 
from OV is a—ccos @, and the area of a narrow circular strip 
of the ring parallel to the plane of the aperture of the ring is 
2m (a—c cos d) ,eds and this multiplied by (7) is the normal 
flux of force through the strip. Integrating the product from 
p=0 to d¢=7, we get the flux through the whole of the 
upper half of the ring. The result is simply 


=re(.— *) ri yr a—e deste) sin ¢d¢, 
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the second term in (7) being neglected because it gives a 
term of the third order. Thus this part of the flux is 


tnei(L— 4). = sk eS) 


Adding this to (5), we have the whole flux sought, divided 
by 7, equal to 


m4 4o(L—2)+2e(L—7)— 75 @L+19) t . (9) 


where L=lg,"*. This, then, is the Coefficient of Self- 


Induction. If in this expression a and ¢ are taken in centi- 
metres, the result is the coefficient measured in absolute units; 
and if this is divided by 10°, we have the coefficient of self- 
induction in secohms. 

Thus, for example, a circular current running in a wire the 
diameter of whose cross-section is 2 millim., while the diameter 
of its central filament is 2 centim., has a coefficient of self- 
59°207 

EO 
and if the dimensions of the cross-section were neglected, this 
number would be 58°866. 

Jlerk Maxwell (Elec. and Mag. vol. ii. art. 704) gives the 
coefficient of self-induction as 47ra(L—2), which agrees with 
(9) in the principal term. 

In the same way we may find the coefficient for a super- 
ficial current in the wire. Tor (antea, p. 221) if q is the 
total quantity of the superficial current, we have the value of 
Ge at E equal to 


‘age 
29Ja(L—2) —$(@L—1) + (b+ valk 


induction of about 59°207 absolute units, or secohms ; 


while from the value of the potential we find the normal flux 

of force through the upper half of the anchor-ring equal to 
2mrqe(2L+1). 

Hence the Coefficient of Self-Induction is 


m4 4a(L—2) +2e(L +5) £ (AL +1n}, . (10) 


which is somewhat greater than the value (9) for a steady 
current. 
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XXXVII. Note on a New Photometric Method, and a 
Photometer for same. By Mr. J. B.Spurcs.* (Abstract) 


Tue method consists in using two diffusing screens (illu- 
minated respectively by the lights to be compared) as 
secondary sources, and adjusting to equality the luminosity 
of equidistant internal surfaces by varying the apertures 
through which the light passes from the screens to these 
surfaces. By reducing the sizes of the apertures, the author 
has been enabled to compare lights of different colour; for 
when of sufficiently feeble intensity, coloured lights are 
indistinguishable from white or grey. 

The photometer is made up of two tubes mounted at 45° 
to an axis, about which one of them is capable of rotating. 
When in the same horizontal plane, the axes of the tubes 
form the sides of an isosceles right-angled triangle, at the 
middle of whose hypothenuse the light to be tested is placed ; 
this illuminates one of the screens, whilst the standard light 
shines on the other. These screens, used as secondary. sources, 
are situated a short distance away from the outer ends of 
the tubes, whilst the inner surfaces of the near ends of the 
tubes are viewed by means of a mirror. By turning the 
movable tube about the inclined axis, and rotating the 
source about a vertical axis, the illuminating effect of the 
source in any direction can be tested. 


DIscussIon. 


Capt. Abney said the law of inverse squares was not true 
for weak lights, for the proportions in which the light from 
sources of equal intensity had to be reduced to appear white 
or grey depended greatly on the colour, being much greater 
for violet than for red. Only for the yellow-green rays 
was the ordinary law of illumination true when the intensities 
were feeble. 

Mr. Blakesley, Prof. 8. P. Thompson, and the President 
also took part in the discussion. 


* Read January 26, 1894. 
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